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ABSTRACT
In this dissertation, a novel finite-element methodology called “embedded imperfections”
is proposed and employed for computationally simulating various types of deformation
instabilities observed in film-substrate structures subjected to mechanical loading. The
approach involves the incorporation of elements having distinctive material properties
within the film-substrate interface. One can interpret this practice as a deliberate
distribution of material defects within the numerical model. It has been shown that
embedded imperfections not only can trigger the onset of instability, but also can lead to
“direct” simulation of deformation instability problems in that primary and subsequent
instability modes can all be captured in a single analysis run, therefore an utterly seamless
and continuous simulation of deformation instabilities will be achieved. The approach is
robust and overcomes the existing computational obstacles regarding the simulation of
large-scale deformation instability problems and paves the way for tackling many complex
and unsolved deformation instability problems.
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The generality of the proposed technique in solving deformation instability problems is
demonstrated. The study is performed in both 2D and 3D. We show that under various
material, geometry, and loading considerations, different deformation instability patterns,
from local surface wrinkling to global buckling of the entire structure and also coexisting
wrinkle and buckle (hierarchical patterns), can be predicted. Effects of loading biaxiality,
deformation history, imperfection distribution/size, bilayer/multi-layer film, substrate
thickness, etc. on the formation and evolution of deformation instabilities are
comprehensively studied. The obtained numerical solutions for benchmark problems
converge to available analytical solutions. Imperfection-independent numerical solutions
are achieved by proposing and exploiting the “periodic-cell approach” which simplifies the
models by embedding only one imperfection, as discussed in this dissertation.
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CHAPTER 1 INTRODUCTION
Deformation patterns of film-substrate systems, as a result of mechanical instabilities, has
received significant attention in the mechanics research community. Deformation
instabilities in the form of wrinkles can occur on a thin film when it is bonded to a relatively
thick compliant substrate. When in-plane compression in an initially flat structure reaches
a certain extent due to mechanical loading, thermal expansion mismatch, or chemical
reactions, wrinkling partially diminishes the strain energy in the film layer and relieves
compressive strain. A schematic of a wrinkled surface under uniaxial compression (also
known as sinusoidal or 1D mode) is shown in Fig. 1(a). In cases where the substrate is
thinner (far from being considered as semi-infinite), buckling of the entire structure may
also occur which will influence the wrinkling behavior [1, 2]. Fig. 1(b) schematically
shows a buckled film-substrate structure. Note that in the literature the term buckling was
sometimes used to represent the wrinkling behavior. In the present work the term buckling

a

b

Figure. 1.1. Schematics of (a) local surface wrinkles and (b) global buckling of the film-substrate structure during
compressive loading along the x-axis.
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is strictly used to describe the formation of a global wave form of the entire structure as
shown in Fig. 1(b). The term wrinkling refers to the local surface wave form displayed by
the thin films as shown in Fig. 1(a).
As thoroughly discussed in the following chapters, wrinkling shape is not limited to
sinusoidal pattern and is highly controlled by the loading directions and boundary
conditions. Various load-dependent and temperature-dependent surface wrinkling patterns
have been recognized and studied experimentally [3-14]. An overview of well-recognized
wrinkling modes observed in real experiments is schematically presented in Fig. 1.2.
Deformation instabilities are commonly manifested in nature, and have become an
1D (sinusoidal) mode

Checkerboard mode

Herringbone mode

Branched wrinkles

Labyrinth mode

Radial/ring mode

Figure 1.2. Typical well-recognized wrinkling patterns observed in experiments/nature. Note that “hybrid modes”
consisting of any combination of the deformation modes shown above have also been frequently seen. In addition,
unlike the other case, the radial mode, as shown, has been commonly observed associated with the impact loading.
(Pictures were taken from the real experiments and reproduced from [4] and [55].)

incentive for many recent engineering applications and advancements. Some of the
examples of deformation instabilities observed in nature are shown in Fig. 1.3(a) and a
2

glimpse of recent engineering applications are presented in Fig. 1.3(b). As can be seen from
Fig. 1.3, deformation instabilities indeed exist over a very wide range of length scales,
spanning from nanometers to kilometers [15].
The instability-driven surface undulation, while frequently undesirable in engineering

a

b

P3HT:PCBM films on PDMS substrate

Figure. 1.3. Deformation instabilities in a nature and b engineering applications, across a wide range of length scales
(reproduced from [15]).

applications, may also be exploited to improve device functionalities. For instance, surface
wrinkles can improve the luminous efficiency associated with organic light emitting tools
[16, 17] and light harvesting efficiency of organic photovoltaic (PV) layers [17-19]. A
wrinkled structure can lead to improved deformability in stretchable electronics [20, 21],
and in flexible strain-sensing devices [11] (as shown in Fig. 1.4), thus enabling their
deployment on curved surfaces and in fabrics. Their mechanical resilience with respect to
stretching, bending, and cyclic loading have been demonstrated while preserving tenable
optoelectronic performances [11, 22, 23] (as schematically demonstrated in Fig. 1.5).
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a

c

b

Figure 1.4. A flexible strain-sensing devices with corrugated surface along with fabrication technique and
materials. (a) Typical fabrication method, (b) schematic of the entire device with all the composite layers, (c)
wrinkled surface forming under various pre-stretches. (Reproduced from [11].)
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a

b

Figure 1.5. Examples of exploiting surface wrinkles in engineering applications. (a) Mechanically robust,
stretchable organic solar cell with improved optoelectrical performance, along with materials and fabrication
technique (reproduced from [23]). (b) Ultralight and highly stretchable solar cells (polymer-based PV devices on
flexible substrate) with improved deformability/flexibility with respect to cyclic compression, along with material
definitions (reproduced from [22]).

For stiff inorganic conducting and photovoltaic layers (for instance, perovskite, silicon,
and indium-tin oxide (ITO)), several methods for fabrication onto a wavy substrate
5

structure, for the sake of improving trapping [24-27] and scattering [28] of sunlight, have
also been reported. The development of various self-organizing mechanisms is also a direct
application of wrinkling instability [29-34]. Wrinkling instabilities have also been
exploited for dielectric elastomers [35, 36]. Thermal-shrinking-induced wrinkling patterns
have reported for tunning the efficiency of carbon fibers [37], as shown in Fig. 1.6.

Figure 1.6. Morphologies of theremal-shrinking-induced wrinkling patterns forming on carbon fiber skin, leading
to improved performance (reproduced from [37]).

In addition, deformation induced global buckling or hierarchical patterns, such as codevelopment of wrinkling and buckling, have been observed in nature and engineered
structures [38-42], some examples are illustrated in Fig. 1.7.
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a

b

c

Figure 1.7. Examples of hierarchical instability patterns (coexisting wrinkle-buckle) (a) in nature, and (b) and (c)
in engineering applications. (a) hierarchical instability observed in flowers (reproduced from [2]). (b) multi-stable
and highly deformable Al/PDMS bilayer with labyrinth wrinkles, with applications in flexible electronics and
optical/photoelectric devices (reproduced from [39]). (c) Strain-limiting wrinkled kirigami material/device with
applications in flexible/stretchable conductors and piezoelectric harvesters (reproduced from [38]).
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Asides from the mentioned applications, surface instabilities have been recently reported
for biomedical/bioengineering practices such as for enhancing drug delivery [43], design
of bioinspired core-shell systems such as artificial brain cortex for the sake of studies
related to effects of swelling or volumetric growth of cortical structures [44], applications
in modelling human skin surface related to aging predictions and designing artificial skin
[45, 46], and also enhancing the cosmetic products and antibacterial applications of
wrinkled topologies [47]. Surface wrinkles can be produced across a wide area with relative
ease and low cost. A common approach is to fabricate the film layer on a pre-tensioned
elastomeric material. The film is effectively under compressive strain upon releasing the
pre-stretch; surface instability will be induced if the compressive strain experienced by the
film exceeds a critical/target value, so as to decrease the strain energy of the system.

It is important to be able to predict and control the instabilities, which requires robust
modelling tools with the capability of handling various material/geometric characteristics
related to the thin film-substrate systems. While theoretical solutions exist for both the
surface wrinkling and overall buckling instabilities (key equations to be presented in
Chapter 2), they were predicated upon idealized conditions, only cover the simplistic cases,
and the interplay between wrinkling and buckling and mode transformation is not
altogether clear; therefore, it justifies the necessity of having alternative numerical
predictive tools. In this work we propose a robust numerical approach to directly simulate
complex surface wrinkling from pre-instability to post-instability in a seamless manner,
covering the entire biaxial loading spectrum from pure uniaxial compression to pure equibiaxial compression. The numerical predictions also provide mechanistic rationale for
uncertainties seen from past theoretical and experimental considerations.
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CHAPTER 2 LITERATURE REVIEW
Various theoretical formulations of surface instability are available in the literature.
Historically, studies by Allen [48] and Koiter [49] on the buckling of structural sandwich
panels, and Biot [50, 51] on the deformation instabilities of elastic half-spaces, served as
the foundation of more recent work. The main goal of the analytical approaches is typically
to characterize the wrinkling parameters including wavelength, amplitude and critical
stress/strain etc. For surface wrinkling of a thin film on top of a compliant substrate, one
may categorize available analytical techniques into generic groups of 1D [4, 50, 52-54] and
2D buckling formulations [55-62]. The 1D solutions, based on the plane strain assumption,
focus on the classical sinusoidal wrinkles (also termed 1D wrinkles or cylindrical wrinkles
in the literature). The 2D analytical solutions allow for in-plane biaxial loading, and they
were mostly developed on the foundation of nonlinear Föppl–von Kármán partial
differential equations (also known as von Karman plate theory), with the film layer being
considered as a nonlinear thin flat plate. Simplification was made in the strain field (namely
von Kármán strain tensor) in that, compared to the Green strain tensor in full 3D
continuum, all the nonlinear and higher-order terms associated with the in-plane
displacement components were neglected [63, 64]. This assumption requires the thin-film
thickness to stay constant. In the context of surface wrinkling of the film-substrate
structure, the prediction may be valid only for small strains and the cases where the film
thickness is very small compared to the nominal wrinkling wavelength and the substrate
thickness. Here we discuss representative theoretical solutions for surface wrinkling, some
of which are used for numerical model verifications in the current study.

9

2.1. One-dimensional surface wrinkles
Consider the thin film-substrate structure shown in Fig. 2.1(a). Under uniaxial compression
(also termed as “direct compression” in this work), 1D sinusoidal wrinkling commences
once the critical point for instability is reached. Here the force balance approach [4, 52] is
followed and briefly discussed; and the key parameters related to surface wrinkling are
introduced.
The problem considers a semi-infinite substrate under plane strain deformation, with

b

a

Figure 2.1. Schematics showing the formation of buckles (wrinkles) during (a) compression along the x-direction
and (b) applied tension along the z-direction. The scenarios in (a) and (b) are also termed direct compression and
indirect compression, respectively.

negligible shear stress at the film-substrate interface. In addition, film and substrate are
fully bonded at the interface with no pre-existing defects, and both layers are linear-elastic
and isotropic. It is assumed that the wrinkling waves are sinusoidally formed throughout
the entire width of the film. The classical ordinary differential equation for bending of an
elastic film on an elastic substrate subjected to direct compression is
𝐸𝑓 𝐼𝑧 𝑑 4 𝜔
𝑑2𝜔
𝐸̅𝑠 𝑘𝑥 𝑤𝑧
(
)
+
𝐹
+
(
) 𝜔 = 0,
1 − 𝜈𝑓 2 𝑑𝑥 4
𝑑𝑥 2
2

(1)

where 𝐹 is the longitudinal compressive force in the film, 𝐸𝑓 and 𝜈𝑓 are, respectively,
Young’s modulus and Poisson’s ratio of the film, 𝐸̅𝑠 is an elastic parameter of the substrate
and will be defined later in this chapter, 𝑤𝑧 is the out-of-plane length (here in 𝑧 direction),
the wave number in the force direction is 𝑘𝑥 = 𝑘 = 2𝜋/𝜆 and 𝜆 is the wavelength, 𝐼𝑧 =
𝑤𝑧 𝑡𝑓 3 ⁄12 is the second moment of inertia of the film, and 𝑡𝑓 is the total thickness of the
film.
10

The general solution of Eq. (1) in a sinusoidal form is expressed as
(2)

𝜔 = 𝐴 sin 𝑘𝑥 ,

where 𝐴 is the amplitude of the waves (introduced later in this chapter). Without going
through the details, the compressive force in the film, 𝐹 = 𝐹(𝜆), can be obtained by
substituting Eq. (2) into Eq. (1) and solving for 𝐹. Subsequently, by minimizing 𝐹 with
respect to 𝜆 , the critical wrinkling force in the film, 𝐹𝑐𝑟 , and the critical wrinkling
wavelength can be obtained. Therefore, the wavelength of the wrinkles at the onset of
bifurcation (also known as primary instability mode) follows
1⁄3

𝐸𝑓

(𝜆𝑐𝑟 )1𝐷 = 𝜆𝑐𝑟 = 2𝜋𝑡𝑓 [
]
3(1 − 𝜐𝑓2 )𝐸̅𝑠

,

(3)

where 𝜆𝑐𝑟 is the critical wavelength of the 1D mode, and 𝑡𝑓 , 𝐸𝑓 , and 𝜈𝑓 are, respectively,
thickness, Young’s modulus, and Poisson’s ratio of the film layer. Note that once wrinkles
have developed, their wavelength (and amplitude as introduced in Section 2.3.) scale
linearly with the film thickness. In terms of wave number, 𝑘 = 2𝜋⁄𝜆, one may rewrite Eq.
(3) as
1⁄3

𝑘𝑐𝑟

1 3(1 − 𝜐𝑓2 )𝐸̅𝑠
= ( )[
]
𝑡𝑓
𝐸𝑓

.

(4)

As shown above, the well-known one-dimensional derivation of the critical wavelength of
the sinusoidal wrinkles, Eq. (3), is essentially based on the Euler-Bernoulli beam equations
(modified by Biot constants [50] to deal with the substrate effect), and was derived for
uniaxial compression under the plane strain condition via the force balance approach [4,
52]. Alternatively, Eq. (3) can be derived from the linearized two-dimensional von Karman
equations under uniaxial loading and by using the total energy minimization approach [55,
56, 58]. Note that there is an analogy between the modified Euler-Bernoulli beam equations
and linearized von Karman plate equations, which leads to identical solutions for sinusoidal
wrinkles (under the assumptions mentioned). The critical wrinkling stress , 𝜎𝑐𝑟 ,
corresponding to 𝜆𝑐𝑟 was also derived as [48, 52, 56]

11

𝜎𝑐𝑟

2⁄3

3(1 − 𝜐𝑓2 )𝐸̅𝑠
=[
][
]
𝐸𝑓
4(1 − 𝜐𝑓2 )
𝐸𝑓

,

(5)

assuming that the stress state is uniform in the film layer (with the cross-section area of
𝑡𝑓 ∙ 𝑤𝑧 as shown in Fig. 1). It should be mentioned that Eqs. (3) to (5) are also the exact
solutions of the “nonlinear” form of von Karman equations for a thin film on an elastic
foundation [56]. The critical strain for 1D wrinkling, 𝑒𝑐𝑟 , was reported as [52, 56, 61],
⁄

(𝑒𝑥𝑥 )𝑐𝑟 = (𝑒𝑐𝑟 )1𝐷 = 𝑒𝑐𝑟

2 3
1 3(1 − 𝜐𝑓2 )𝐸̅𝑠
= ( )[
] .
4
𝐸𝑓

(6)

Note that it is equivalent to the critical stress in Eq. (5) divided by the plane-strain modulus
of the film, 𝐸𝑓 ⁄(1 − 𝜐𝑓2 ). In this study, we show that Eq. (6) cannot accurately capture the
actual critical strain if the deformation deviates from the plane strain condition.
The substrate parameter, 𝐸̅𝑠 in Eqs. (1) to (6), has different definitions in the literature
depending on the assumptions made for the substrate itself and the interaction between the
film and substrate. More commonly, the substrate parameter is defined based on the
assumption of zero tangential traction components at the film-substrate interface, leading
to 𝐸̅𝑠 = 𝐸𝑠 ⁄(1 − 𝜐𝑠2 ), where 𝐸𝑠 and 𝜈𝑠 are, respectively, Young’s modulus and Poisson’s
ratio of the substrate material. On the other hand, under the assumption of zero in-plane
displacement components at the film-substrate interface (instead of traction), 𝐸̅𝑠 is derived
[55, 57, 61] as 𝐸̅𝑠 = [𝐸𝑠 ⁄(1 − 𝜐𝑠2 )] ∙ [4(1 − 𝜐𝑠 )2⁄(3 − 4𝜐𝑠 )] . Note that the difference
between the two forms of 𝐸̅𝑠 is negligible if the substrate is near-incompressible; when it
is fully incompressible (𝜐𝑠 = 0.5), 4(1 − 𝜐𝑠 )2⁄(3 − 4𝜐𝑠 ) = 1. Note that a different form of
Eqs. (3) to (6) taking into account both the shear traction and tangential displacements at
the film-substrate interface is also available in the literature [53] (derived under the plane
strain assumption with continuous tractions and displacements across the interface).
However, its differences with Eqs. (3) to (6) are negligible when the substrate is nearincompressible (𝜐𝑠 ≅ 0.5). Also note that Eqs. (3) to (6) apply to the case of an infinitely
thick substrate; analytical solutions for the case of finite substrate thickness are available
[61, 65, 66].
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Note that 𝜆𝑐𝑟 in Eq. (3) is the starting wavelength and thus independent of the applied strain
𝑒. The strain-dependent wavelength of uniformly developed wrinkles, 𝜆, can be written as
[67, 68]
𝜆 = 𝜆𝑐𝑟 [1 − (𝑒 − 𝑒𝑐𝑟 )].

(7)

In addition to direct compression along the x direction, the current study also considers
applied tension in the 𝑧 direction (shown in Fig. 2.1(b)), which is referred to as “indirect
compression”. If 𝜈𝑠 > 𝜈𝑓 , the substrate will undergo greater lateral contraction (along x,
see Fig. 2.1(b)) than the film, thus forcing the film into compression. Under this
circumstance, the critical compressive stress for triggering film wrinkling is caused by the
difference in lateral contraction between substrate and film, namely (𝜈𝑠 − 𝜈𝑓 )𝑒𝑧𝑧 . As a
consequence, the critical tensile strain (𝑒𝑧𝑧 )𝑐𝑟 is related to the critical compressive strain
(𝑒𝑥𝑥 )𝑐𝑟 as
(𝑒𝑧𝑧 )𝑐𝑟 =

(𝑒𝑥𝑥 )𝑐𝑟
.
𝜈𝑠 − 𝜈𝑓

(8)

Note that since the critical strain (𝑒𝑥𝑥 )𝑐𝑟 in Eq. (6) was derived based on the plane strain
condition, the resulting expression of (𝑒𝑧𝑧 )𝑐𝑟 in Eq. (8), with the applied tensile strain in z,
should be viewed as an approximation.
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2.2. Extension to Bi-layer Film
There have been limited analytical/numerical studies on surface wrinkling in the multilayer
film structures [69-73]. A short overview of the theories is presented first, focusing on the

a

b

Figure 2.2. Schematics showing the formation of buckles (wrinkles) during a compression along the x-direction and b
applied tension along the z-direction. The scenarios in (A) and (B) are also termed direct compression and indirect
compression, respectively.

case of bilayer film where wrinkling occurs in tandem [74]. The theories are based on the
analytical expressions for structures with a single-layer film, modified with the effective
modulus of the bi-layer structure. Two different moduli, the effective tension (uniaxial)
modulus 𝐸𝑡 , and the effective bending modulus 𝐸𝑏 , may be defined for the composite film
layers [4, 69, 74] as
𝑡𝑓1
𝑡𝑓2
) 𝐸𝑓1 + ( ) 𝐸𝑓2 ,
𝑡𝑓
𝑡𝑓

(9)

1 + 𝑚2 𝑛4 + 2𝑚𝑛(2𝑛2 + 3𝑛 + 2)
] 𝐸𝑓2 ;
(1 + 𝑛)3 (1 + 𝑚𝑛)

(10)

𝐸𝑡 = (
and
𝐸𝑏 = [

where 𝐸𝑓1 and 𝑡𝑓1 are, respectively, the elastic modulus and thickness of the first (surface)
film layer, 𝐸𝑓2 and 𝑡𝑓2 are, respectively, the elastic modulus and thickness of the second
(bottom) film layer, 𝑡𝑓 is the total thickness of the composite film layer (𝑡𝑓 = 𝑡𝑓1 + 𝑡𝑓2 ),
and the modulus and thickness ratios (𝑚 and 𝑛) were defined as 𝑚 = (𝐸𝑓1 /𝐸𝑓2 ), and 𝑛 =
(𝑡𝑓1 /𝑡𝑓2 ). Note that Eq. (9) is the simple rule of mixtures for longitudinal composite
modulus while Eq. (10) takes into account the bending rigidity of the composite structure.
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Equations (9) and (10) can be incorporated into the wrinkling parameters for the singlelayer film/substrate system, Eqs. (3) and (6), to result in the modified form for bilayer films
as

𝜆̅ = 2𝜋𝑡𝑓 [

𝐸𝑏
3(1 − 𝜈𝑓 2 )𝐸̅𝑠

1
3

(11)

] ,
2

̅̅̅̅̅̅̅
(𝑒
𝑥𝑥 )𝑐𝑟

1 𝐸𝑏 3(1 − 𝜈𝑓 2 )𝐸̅𝑠 3
= ( )[
] ,
4 𝐸𝑡
𝐸𝑏

(12)

where the parameters 𝜆̅ and 𝑒̅𝑐𝑟 are, respectively, the modified wavelength and critical
buckling strain of the wrinkles for the bilayer film-substrate system.
2.3. Extension to Biaxial Compression
We now consider the same film-substrate structure subjected to pure equi-biaxial
compression. It has been shown that, under equi-biaxial compression, the squarecheckerboard pattern has the lowest energy in the buckled state [55, 57]. The wavelength
of square checkerboard mode was derived [55, 56, 58] as

𝐸𝑓

1⁄3

(𝜆𝑐𝑟 )𝐶𝑏 = √2 (𝜆𝑐𝑟 )1𝐷 = 2√2𝜋𝑡𝑓 [
]
3(1 − 𝜐𝑓2 )𝐸̅𝑠

.

(13)

It was also postulated that the critical stress introduced in Eq. (5) not only applies to 1D
wrinkles but also applies to any possible biaxial wrinkling mode that satisfies the relation
of √𝑘𝑥2 + 𝑘𝑧2 = 𝑘𝑐𝑟 (any wrinkling shape that the general solution can be written as a linear
combination of 1D modes), where 𝑘𝑐𝑟 is defined in Eq. (4) [55, 56, 58] and 𝑘𝑥 and 𝑘𝑧 are
the wave numbers in x and z directions respectively. Therefore, both the one-dimensional
sinusoidal and square-checkerboard modes were considered as special cases of the relation
above in that for the perfectly equi-biaxial compression, 𝑘𝑥 = 𝑘𝑧 = (1⁄√2)𝑘𝑐𝑟 , and for
uniaxial compression, 𝑘𝑥 = 𝑘𝑐𝑟 and 𝑘𝑧 = 0. Therefore, the critical stress defined in Eq. (5)
also holds for the square-checkerboard mode under equi-biaxial loading. The critical strain
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for the square-checkerboard mode, (𝑒𝑐𝑟 )𝐶𝐵 , is apparently derived [55, 56, 58] by dividing
𝜎𝑐𝑟 by the biaxial modulus of the film, 𝐸𝑓 ⁄(1 − 𝜐𝑓 ),

(𝑒𝑐𝑟 )𝐶𝐵

⁄

2 3
3(1 − 𝜐𝑓2 )𝐸̅𝑠
=
=(
)[
] .
𝐸𝑓
[𝐸𝑓 ⁄(1 − 𝜐𝑓 )]
4(1 + 𝜐𝑓 )

𝜎𝑐𝑟

1

(14)

It should be mentioned that, an alternative wavelength expression different from Eq. (13)
exists in the literature, for the square-checkerboard pattern created under equi-biaxial
loading. Audoly et al. [57] proposed an analytical form based on the linear stability
analysis, with (𝜆𝑐𝑟 )𝐶𝑏 = (𝜆𝑐𝑟 )1𝐷 . This solution was based on superposition of two
perpendicular 1D modes, and is apparently inconsistent with the predictions from other
works [55, 56, 58, 59]. In the present work, we address this discrepancy through
comparisons with our fully 3D numerical simulations of the uniaxial sinusoidal and squarecheckerboard modes.

The amplitude of the surface wrinkles, 𝐴, can be written in a general form as
1⁄2
𝑒
𝐴 = Ψ ( − 1) ,
𝑒𝑐𝑟

(15)

where 𝑒/𝑒𝑐𝑟 is the applied compressive strain normalized by the critical value at the onset
of primary bifurcation and, for a single layer film system, the parameter Ψ is in general a
function of Poisson’s ratio and thickness of the film layer, with Ψ = 𝑡𝑓 for the sinusoidal
1D mode and Ψ =𝑡𝑓 ∙ √8⁄[(3 − 𝜐𝑓 )(1 + 𝜐𝑓 )] for the square-checkerboard mode [55, 58];
in addition, for the case of bi-layer film discussed in Section 2.2, the parameter Ψ can be
1

̅ = 𝑡𝑓 (𝐸𝑏 /𝐸𝑡 )2 for the sinusoidal 1D mode (leading to the modified
re-defined as Ψ
amplitude for bi-layer film systems, 𝐴̅); where 𝐸𝑏 and 𝐸𝑡 were introduced in the Section
2.1 [4, 69, 74]. It should be noted that wrinkling amplitude is directly proportional to the
corresponding critical wrinkling wavelength; for instance, one may rewrite Eq. (15) in
terms of 𝜆𝑐𝑟 of the 1D wrinkling mode, by substituting Eq. (3) into Eq. (15), which results
1

in the expression of 𝐴 = (𝜆𝑐𝑟 /𝜋)(𝑒 − 𝑒𝑐𝑟 )2 .
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In the literature the primary bifurcation mode caused by perfectly equi-biaxial compression
has been regarded as “unusual,” as it was theoretically predicted that “multiplicity of
periodic modes” associated with 𝜎𝑐𝑟 , defined in Eq. (5), exists due to their identical energy
state. Chen and Hutchinson [56, 75] reported that, under equi-biaxial compression at the
onset of wrinkling, any deformation mode that satisfy √𝑘𝑥2 + 𝑘𝑧2 = 𝑘𝑐𝑟 can possibly form
(which include both the 1D and square-checkerboard modes). This claim was also followed
by the analytical approach proposed by Song et al. [58] where they apparently postulated
that both the 1D mode and square checkerboard mode can form under equi-biaxial
compression, with Eq. (14) applicable to both. A different view was proposed by Audoly
et al. [57]; they analytically showed that under equi-biaxial loading, the initial instability
mode is square-checkerboard which has the lowest energy. It was also shown that the
hexagonal pattern is yet another analytically possible mode under equi-biaxial loading, but
energetically less favorable than the square-checkerboard. Moreover, under non-equibiaxial loading, the 1D mode was predicted to have the lowest energy at the initial buckling
threshold and thus be the dominant initial pattern. The “multiplicity of periodic modes”
reported by Chen and Hutchinson [56, 75] was later updated by Cai et al. [55], where the
1D mode, square-checkerboard, hexagonal mode, and newly introduced triangular mode
were postulated to be the possible solutions under equi-biaxial compression. Based on their
upper-bound analysis on a flat elastic film-substrate, the square-checkerboard mode has
the lowest energy; the hexagonal and triangular modes were found to have exactly the same
energy but higher than that of the square-checkerboard, and the 1D mode was the least
favorable mode of all under the equi-biaxial condition. In addition, the 1D mode was shown
to be the predominant mode under non-equi-biaxial loading, in consistency with the
predictions of Audoly et al. [57]. Cai et al. [55] also showed that linear combinations of
hexagonal and triangular modes lead to various possible solutions that have exactly the
same energy as the hexagonal and triangular modes.
Although the most energetically favorable mode under equi-biaxial loading is the squarecheckerboard [55, 57], other checkerboard patterns (including the hexagonal and triangular
modes) have been frequently observed in actual experiments [55]. A true squarecheckerboard pattern can only form under pre-defined conditions using special fabrication
methods [76, 77]. As a consequence, researchers have speculated the possible causes of the
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discrepancy. A preexisting curvature of the film surface has been considered as a possible
cause to initiate hexagonal-mode wrinkles [55, 60]. Nonlinear elastic property of the
substrate [55] and unequal substrate elastic moduli in tension and compression have also
been proposed as the origin for the hexagon-based checkerboard patterns [59].
There are other well recognized surface instability patterns such as herringbone (or zigzag)
and labyrinth, which emerge after the primary modes when the compressive stress is well
beyond the first critical point. Uncertainties exist in the literature regarding their evolution
and necessary loading condition in the post-instability regime. Chen and Hutchinson [56,
75] analytically showed that under high overstresses (stresses well above the critical value
𝜎𝑐𝑟 ), the herringbone pattern has the minimum energy state compared to the 1D and squarecheckerboard modes. There are apparent ambiguities in the literature about the necessary
loading condition for triggering the herringbone mode. Some analytical studies included
the herringbone pattern in the group of surface wrinkles that can develop under perfect
equi-biaxial loading [55, 56, 58, 75, 78]; while others [57, 59, 61] followed the analytical
study of Audoly et al. [57] and treated the herringbone pattern as a post-1D cylindrical
pattern (secondary bifurcation) which evolves under non-equi-biaxial loading [57]. (Note
that non-equi-biaxial loading is also frequently termed “anisotropic loading” in the
literature).
The wave parameters of the herringbone pattern have been studied analytically. On the
basis of their upper-bound analysis, Cai et al. [55] predicted that herringbone arises as a
bifurcation of the square checkerboard mode under equi-biaxial loading, and it has the
lowest energy when 𝜎⁄𝜎𝑐𝑟 ≥ 1.476 with 𝜐𝑓 = 1⁄3 and when 𝜎⁄𝜎𝑐𝑟 ≥ 1.595 with 𝜐𝑓 =
1⁄2 . (They also showed that square-checkerboard has the lowest energy when
1 ≤ 𝜎⁄𝜎𝑐𝑟 ≤ 1.476 with 𝜐𝑓 = 1⁄3). Some studies used two wavelengths (along with the
corresponding wave numbers) to delineate the uniform herringbone pattern: a short
wavelength (𝜆1 = 2𝜋⁄𝑘1 ), and a long wavelength (𝜆2 = 2𝜋⁄𝑘2 ). In non-equi-biaxial
loading, 𝜆1 will form parallel to the loading direction with a higher stress magnitude, and
𝜆2 is associated with the lateral undulation in the direction of lower stress magnitude which
is perpendicular to the 𝜆1 waves (note that generally 𝜆2 > 𝜆1 ). According to Chen and
Hutchinson [56] and the works following their study [58, 61, 78], at the minimum energy
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state where herringbone is the dominant mode, the small wavelength roughly equals to the
wavelength of the 1D mode at the onset of instability, 𝜆1 = (𝜆𝑐𝑟 )1𝐷 defined in Eq. (3), and
the jog angle is 45𝑜 (angle associated with the 𝜆2 zigzags). Following the claim that the
herringbone pattern is a secondary bifurcation of the 1D mode under anisotropic loading,
the presumption of 𝜆1 = (𝜆𝑐𝑟 )1𝐷 was also stated in Audoly et al. [57] and followed by
other subsequent studies [55, 59]. Nevertheless, no reliable closed-form solutions have
been introduced to capture 𝜆1 , 𝜆2 and the jog angle as well as their evolution. The von
Karman partial differential equation, however, can be simplified under various
assumptions, and thus simpler ordinary differential equations for the herringbone pattern
can be obtained and solved numerically [55, 58, 59]. As for the labyrinth pattern, it was
also claimed that the relation 𝜆1 = (𝜆𝑐𝑟 )1𝐷 remains unchanged [55, 59, 61]; similar to
herringbone, this pattern has not been analytically studied.
Regarding the sequence of wrinkle patterns, controversies exist in the literature. Various
scenarios of surface pattern development have been reported and they are summarized here.
Under perfect equi-biaxial loading, two different evolution paths have been analytically
predicted so far: (1) from an initial flat surface to square-checkerboard and then to
herringbone [55, 56, 75], and (2) from an initial flat surface to square-checkerboard (or
hexagonal) and then directly to labyrinth [59, 61, 79]. On the other hand, under non-equibiaxial compression, the analytically or numerically predicted paths include: (1) from an
initial flat surface to 1D mode and then to herringbone [57], (2) from an initial flat surface
to 1D mode and then to herringbone, and finally to labyrinth [59, 61, 79], (3) from an initial
flat surface to hexagonal mode and then to labyrinth (for substrates displaying elastic
asymmetry in tension and compression) [59], and (4) from an initial curved surface to 1D
mode and then to hexagonal mode, and finally to labyrinth [60].
It is evident from the different predictions that, even with a flat film-substrate system with
a simple elastic behavior, a unified theme for the evolution of wrinkle patterns is lacking.
Furthermore, how transitions occur from one post-instability mode to another is not at all
clear. The effects of loading biaxiality are also in need of investigating. The work presented
in this dissertation addresses all these issues and demonstrates the modeling capabilities
using the embedded imperfection approach.
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2.4. Extension to global buckling and global/local mode competition
For the same type of structure, a thin film above a compliant substrate, a different form of
instability, namely global buckling as depicted in Fig. 1(b), may occur if the substrate
thickness is significantly reduced. Using the elastic composite beam theory under the plane
strain condition, the effective axial rigidity, ̅̅̅̅
𝐸𝐴, and effective bending rigidity, ̅̅̅
𝐸𝐼 , of the
equivalent composite beam are written [1, 80] as
̅̅̅̅
𝐸𝐴 = 𝐸̅𝑠 𝑡𝑠 + 𝐸̅𝑓 𝑡𝑓 ,

(16)

and
2
(𝐸̅𝑓 𝑡𝑓 2 − 𝐸̅𝑠 𝑡𝑠 2 ) + 4(𝐸̅𝑓 𝐸̅𝑠 )(𝑡𝑓 𝑡𝑠 )𝐷2
̅̅̅ =
𝐸𝐼
;
̅̅̅̅
12𝐸𝐴

(17)

where 𝐷 is defined as the total film/substrate thickness (𝐷 = 𝑡𝑠 + 𝑡𝑓 ), and 𝐸̅𝑓 and 𝐸̅𝑠 are
the plane-strain moduli, i.e., 𝐸̅𝑓 = 𝐸𝑓 /(1 − 𝜈𝑓 2 ) and 𝐸̅𝑠 = 𝐸𝑠 /(1 − 𝜈𝑠 2 ). Accordingly, for
an equivalent composite beam of width (length) 𝑤 with clamped supports, the critical
buckling strain is [1, 81]
(𝐹𝑐𝑟 )𝑏
1
(𝑒𝑐𝑟 )𝑏 = [
][
],
̅̅̅̅
𝐸𝐴
1 + 1.2(𝐹𝑐𝑟 )𝑏 ⁄(𝐺̅ 𝐷)

(18)

where (𝐹𝑐𝑟 )𝑏 is the critical buckling force defined as (𝐹𝑐𝑟 )𝑏 = 4𝜋 2 ̅̅̅
𝐸𝐼 /𝑤 2 , and 𝐺̅ is the
effective shearing modulus following the inverse rule of mixture as 1⁄𝐺̅ = 𝑡𝑓 ⁄(𝐷𝐺𝑓 ) +
𝑡𝑠 ⁄(𝐷𝐺𝑠 ). Note that the shear effects have been neglected in the derivation of (𝐹𝑐𝑟 )𝑏 in Eq.
(18).
It has been postulated that the smaller of the critical strains, either the surface wrinkling
critical strain in Eq. (6), or the global buckling critical strain in Eq. (18), controls the
deformation mode [82, 83]. By setting the condition (𝑒𝑐𝑟 )𝑏 = 𝑒𝑐𝑟 , the critical width 𝑤𝑐𝑟 ,
which separates the global buckling and local surface wrinkles, is obtained as
⁄3

𝑤𝑐𝑟

= 4𝜋√̅̅̅
𝐸𝐼 [

2
(𝐸̅𝑓 /(3𝐸̅𝑠 ))
̅̅̅̅
𝐸𝐴
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−

0.3
].
(𝐺𝑠 𝐷)

(19)

It was perceived that global buckling will occur if 𝑤 > 𝑤𝑐𝑟 , and local wrinkling will occur
if 𝑤 < 𝑤𝑐𝑟 . Although the configuration of local wrinkles developed on a globally bent
structure has recently been proposed [38, 39, 65, 82, 83], theoretical considerations in the
literature have generally ignored the possibility that wrinkling and buckling can codevelop,
starting from a fully flat geometry. It will be shown in Chapters 6 and 8 that a transitional
state (with both wrinkles and global buckle) can be captured, by employing the current
direct numerical simulation approach.
It is evident that the applicability of the aforementioned analytical models is limited to the
primary instability modes. As a consequence, they cannot be readily applied to predict how
transitions in wrinkling/buckling patterns occur from the onset of instability to postinstability. The criterion for surface wrinkling vs. global buckling as given by Eq. (19) was
also confined to uniaxial compression under plane strain; the loading biaxiality and 3D
effects are thus in need of investigating. In addition to illustrating the modeling capabilities
using the embedded imperfection approach, the present work offers an overarching 3D
finite-element scheme for simulating deformation instabilities of film-substrate structures
under various biaxial loading. It will be shown in the following chapters that coexisting
instability states (with both surface wrinkles and global buckle) corresponding to any
loading biaxiality can be predicted (in 2D and 3D) in a straightforward manner. In addition,
we show that bending of the thin film-substrate structure due to global buckling can lead
to formation of secondary surface wrinkles in the post-instability regime.

2.5. Further discussions on numerical studies
While the analytical formulation has been widely employed in analyzing experimental
data, relatively few studies have attempted to use numerical simulation to address the
deformation instabilities in film-substrate systems. Here, a summary of the available
numerical works in the literature is presented, and the capabilities and drawbacks are
discussed and compared.
Numerical simulations of surface wrinkling using the finite element method is inherently
challenging. A common practice is through a multi-step process including separate pre21

instability and post-instability analyses [84]. The pre-instability step consists of a linear
modal analysis, and the post-instability analysis often employed the geometry, boundary
condition, and mesh perturbation techniques in combination with various nonlinear
geometric/material models [53, 85-88]. For instance, for the post-buckling step, the
incompressible neo-Hookean material model were exploited for both film and substrate,
that require the use of incompressible/hybrid elements [89]. As reported in [89], the results
of such models are quantitatively different from other nonlinear elastic material models,
and only comparable to other (incompressible) linear elastic film material models for very
stiff films compared to the substrate. In addition, although employing such elements may
have benefits within the reported numerical framework as to simulating the higher-order
deformation modes at large strains, incompressible/hybrid elements are available only in
limited finite element packages such as ABAQUS. These approaches are often based on
relatively complex theories and are computationally more expensive compared to regular
elements. Moreover, they are applicable only for the static analysis, and can lead to
convergence issues when used with material models that exhibit volumetric plasticity [90].
Aside from the type of elements, other special treatments are required to capture the
bifurcation and post-bifurcation wrinkling shapes. The geometrical imperfection method,
employed more frequently for studying surface instability, may include the mesh,
geometry, and boundary condition perturbation techniques. For instance, a sinusoidal
perturbation was directly imposed on the geometry of the film layer which dictates the
formation/propagation of sinusoidal-form waves [84, 88]. In another study two different
types of sinusoidal imperfection and a periodic array of non-interacting exponential surface
depressions were specified within the model and studied separately [85]. In a similar
fashion, a mesh perturbation technique was applied in that the mesh nodal points were
displaced by the sinusoidal perturbation displacement field function [87]. All such
imperfection-based approaches are relatively complex, and they essentially build the
formation of sinusoidal waves into the model. The implementation can be laborious and
requires calibration by setting many free parameters. A more straightforward approach was
reported, which however involved special geometric features built into the film surface
[91]. In addition to 2D simulations of sinusoidal wrinkles, other surface patterns may also
be obtained from three-dimensional (3D) models using similar techniques [55, 56, 59, 61,
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75, 79, 92-94]. These approaches, however, were complex and computationally intensive,
and they frequently involved building the wave or pattern into the model thus dictating the
subsequent formation of instabilities. The sensitivity of the predicted pattern to the
geometric imperfection is well recognized. Even for problems with perfect symmetry, the
randomly distributed geometric imperfections frequently led to asymmetric solutions.
Aside from the aforementioned geometrical approach, the material imperfection approach
is typically based on perturbation via the damage and/or plasticity techniques. As an
example, a nonuniform plastic behavior was built into the model containing an elastoplastic
film [86].
In addition, another group of numerical approaches have recently developed based on
introducing a dummy/fictitious perturbation force applied to a deformed state, given as the
base state, to instigate bifurcated paths/modes[93, 94]. By similar fashion, another
approach namely “step-by-step eigenvalue buckling analyses” has been recently proposed
in that a dummy/fictitious loading parameter was introduced into the eigenvalue buckling
analysis, using BUCKLE option and other subroutines in ABAQUS[95, 96]. These
approaches are yet multi-step and cumbersome techniques (cannot capture the sequential
mode transformations in a fully seamless manner), and the effects of the magnitude and
variation of the defined fictitious force on the numerical results are questionable.
Numerical simulations using dynamic analyses were also employed [97, 98]. The approach
does not require a multi-step process, but with the inertial effects the solutions may become
rate dependent. Verification of the numerical results can be difficult due to the lack of
closed-form dynamic solution to surface instability problems. Another impediment is the
computational demand associated with Large-scale 3D dynamic problems.
Recently, the Peridynamics analysis of wrinkling instabilities has also been reported [99,
100]; but uncertainties exist regarding the validity of non-local theories (such as
Peridynamics) in replicating the actual physical phenomenon. Moreover, obtaining a
deterministic solution (which is crucial for sensitive engineering applications) is rather
difficult, due to the well-recognized effects of peridynamics horizon size and domain
decomposition approach on the wrinkling parameters and numerical solutions in general.
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Even within a particular decomposition framework, changing the mesh/particle
configuration may lead to different solutions [101, 102].
All the aforementioned numerical modeling approaches were applied to a single-layer film
scenario. Simulations of wrinkling become even more challenging when multilayer thin
films are involved. As a consequence, there are very few finite element studies addressing
the surface instabilities in a composite thin film/compliant substrate system. For instance,
the wrinkling of a bilayer film on a soft substrate was studied in [74], limited only to a
linear modal analysis.
The interaction between the global and local deformation instabilities have been
historically studied for thin-walled structures, slender columns, and sandwich panels [103107]. It has been analytically viewed as a “competition” between the formation of either
the global or local modes of deformation; the possibility of concurrent wrinkling-buckling
instability, starting from a fully flat geometry, was generally ignored. Moreover, many of
the available numerical/analytical studies related to global/local instabilities in thin-walled
structures and sandwich panels were based on the direct incorporation of geometric
imperfections within the model [103, 106, 108-110]. The imperfection dependency of the
solution was well recognized. Frequently two types of geometric imperfections, namely
global imperfection (for activating buckling modes) and local imperfection (for activating
wrinkling modes), were utilized simultaneously within the model [110] which is an
apparent example of building a wave form into the numerical framework, and fully
control/constrain the subsequent deformation instability response.
The proposed numerical technique in the present dissertation research essentially
overcomes the mentioned typical difficulties in computationally modeling the deformation
instability problems; and sheds light on the solution of many sophisticated deformation
instability problems that have been yet unsolved. Moreover, through the simulation results,
insights into how the surface pattern evolves at the onset of instability can be gained. This
information is not easily obtained from experimental studies or other mentioned numerical
approaches. The details regarding the presented numerical technique are given in the next
chapter.
.
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CHAPTER 3 NUMERICAL APPROACH: EMBEDDED
IMPERFECTIONS
In this study, numerous and systematic finite element simulations were performed (2D and
3D) aiming at predicting the formation and evolution of various deformation instabilities
in film-substrate structures. In this chapter, an overview on the embedded imperfections
approach, the analyses procedure, and general assumptions/model definitions are presented.
More detailed discussions associated to particular subjects are addressed and delineated in
the following chapters.

3.1. Overview of embedded imperfections technique
The present study aims to developing a straightforward and robust finite element modeling
strategy to numerically simulate the formation and development of deformation
instabilities. In this approach, termed “embedded imperfections”, perturbed elastic material
properties are assigned to one or more regular elements at the interface of the film-substrate
structure, for the purpose of triggering the deformation instability state (bifurcation). This
practice may be also addressed as incorporation of pre-existing material defects in the
numerical model. For better illustration, the idea of implementing embedded imperfections
within a typical film-substrate geometry is schematically proposed in Fig. 3.1.
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Figure. 3.1. Schematic presentation of embedded imperfection approach.

As mentioned before, the embedded imperfection technique essentially overcomes the
common challenges in numerically modeling the deformation instability problems. The
significance of the proposed numerical approach can be summarized and be listed as
follows.
(I) The proposed methodology leads to “direct simulation” of deformation instability
problems; in that the pre/post-instability simulations can be performed successfully in
only one analysis step. Therefore, deformation instabilities can be seamlessly captured
with no need to adopt any tedious or multi-step numerical treatments.
(II) This approach is relatively easy to perform numerically and can be implemented with
any common finite element code and analysis platform. In addition, it does not require
any special element type and is essentially applicable to any cases.
(III) The embedded imperfections approach is robust and more powerful compared to other
numerical methods. As we show in the following, this technique essentially triggers “any”
feasible form of deformation instabilities (i.e. global buckling or local wrinkling or the
concurrent instabilities) depending on the specified geometric and material definitions of
the problem. Therefore, no specific geometric/material limitations exist while using this
technique and, as a consequence, the embedded imperfection approach can be applied for
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tackling a variety of challenging and unsolved instability problems in the literature (some
of which are indeed addressed in this study).
(IV) Incorporating embedded imperfections not only can activate the first bifurcation mode,
but triggers any subsequent post-bifurcation instability states (depending on the extent of
the applied load/displacement for different problem geometries) and therefore lead to the
seamless simulation of hierarchical deformation instability patterns.
The mentioned advantages significantly distinguish the embedded imperfection technique
from the other available numerical approaches in the literature and makes this approach
stand-out. Having these capabilities enables increased accuracy and versatility in predicting
deformation instabilities such as wrinkle formation; moreover, the numerical approach
may also be employed as a viable design tool for many engineering challenges in this field
of study.
Unless otherwise stated, the following assumptions regarding the embedded imperfections
hold within the entire studies presented in this work:
(1) The film layer (top surface) is initially fully flat, and the film-substrate interface
remains perfectly bonded.
(2) The defects are regular finite elements in the substrate immediately below the
film/substrate interface (as shown in Fig. 3.1).
(3) The imperfections carry the exact material properties of the film’s material.
Note that only when assumptions (2) and (3) hold simultaneously, another interpretation
for this approach may be inferred; from another angle, one may interpret this practice as
having an imperfect interface with occasional geometric irregularities. Therefore, this
technique conveys both material and geometric defect interpretations and is also physically
plausible.
From our extensive preliminary simulations, it was found that (simply) to trigger
deformation instability, defining only one imperfection (in this study, immediately below
the film-substrate interface) will be sufficient. However, the induced deformation pattern
may change depending on the imperfection distribution.
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This embedded imperfection approach was first proposed and used for the temporal
evolution of 1D sinusoidal wrinkling [111-113], and the combination of surface wrinkling
and global buckling of the entire film/substrate structure [113], and was recently extended
to 3D surface wrinkles [114-116] and to deformation instability problems in general.
It is noted that, since the embedded imperfection is a regular element, the imperfection size
will be affected as the mesh density is altered. From our extensive studies (as presented in
the following chapters), the simulated surface wrinkling features were found to be
essentially invariant with the imperfection size [113, 114] and material property [112] as
long as mesh convergence is achieved. It was also shown that the out-of-plane imperfection
thickness of 0.5𝑡𝑓 , used also in the current study, has a negligible effect on the numerical
prediction [114]. In addition, it was further illustrated [113-115] that the dependency on
imperfection distribution can be avoided if one uses an appropriately sized periodic unitcell model with only one imperfection at the center. Therefore, there is a high degree of
generality of the present numerical approach. All the mentioned studies regarding the
imperfection size, distribution, material properties, and the periodic-cell approach are
presented and discussed in the following chapters.

28

3.2. Overview of the numerical models
To assess the formation and evolution of deformation instabilities in various film-substrate
morphologies, numerous finite-element simulations considering distinct mesh, geometry,
and boundary conditions were performed in this study. The simulations were all
accomplished via the implementation of embedded imperfection approach; the capabilities
of this technique for simulating the deformation instability problems are thoroughly studied
and demonstrated. Here the key features regarding the numerical models are introduced
and discussed, while more details regarding particular problems are given in the following
chapters.
Consider a typical film-substrate structure similar to Fig. 3.1. Both the film and substrate
materials are taken to be isotropic linear elastic in all simulations. In this study we consider
two film materials separately: P3HT:PCBM (poly-3-hexylthiophene conjugated polymer
and phenyl-C61-butyric acid methyl ester fullerene derivative) and PEDOT:PSS (poly-3,4ethylenedioxythiophene and polystyrene sulfonate acid). These are common polymeric
thin films used in organic optoelectronic devices. In some of the figures presented below,
P3HT:PCBM is referred to as P3HT and PEDOT:PSS is referred to as PEDOT for the
purpose of brevity. For the P3HT:PCBM film the elastic modulus is 𝐸𝑓 = 7300 MPa [11];
and for the PEDOT:PSS film it is 𝐸𝑓 = 2000 MPa [117]. This large difference in stiffness
helps establish the generality of the current numerical predictions. The Poisson’s ratio is
taken as 𝜈𝑓 = 0.35 for both film materials. The substrate material is PDMS
(polydimethylsiloxane), with elastic modulus of 𝐸𝑠 = 2.97 MPa [118] and Poisson’s ratio
of 𝜈𝑠 = 0.495 (set slightly smaller than 0.5 to avoid potential convergence issues). The
assumption of linear elasticity for the entire film-substrate system may not be realistic from
the physical standpoint [119]. However, this assumption was necessary at the current stage
of our model development, to avoid complexities and be able to verify the numerical
modeling approach when compared with the well accepted linear elastic analytical models.
Once the reliability of the proposed approach is proven for the linear elastic case, more
complex non-linear material models may be explored in futures studies.
In addition to the single-layer film cases, bilayer films on the PDMS substrate are also
considered, with various thicknesses of P3HT:PCBM (top layer) and PEDOT:PSS (in
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contact with the substrate). Moreover, limited cases of composite films (more than twolayer material) were also studied in Chapter 5. Note that this layered structure is identical
to those reported for organic flexible PV cells [22]. It also serves as a portion of the
mechano-optoelectronic strain sensing device under development [11]. Detailed
information about the composite film model will be given in Chapter 5.
Throughout the study the total film’s thickness is kept constant at 𝑡𝑓 = 0.1 𝜇𝑚, while the
width (𝑤) and depth (𝐷) of the structure are systematically varied. The width and depth
ranges studied are separately defined in each chapter. The simulations were performed
under the displacement-controlled condition. The two-dimensional simulations were
conducted with two different loading scenarios: “direct compression” (applied
displacement in x-direction, as shown in Fig. 2.1(a) and Fig. 3.1) and “indirect compression”
through applied tensile deformation in z-direction (shown in Fig. 2.1(b)). For the case of
direct compression, two different numerical models of plane strain and generalized plane
strain are considered in this study. Note that the theoretical formulas introduced in Chapter
2 are under the premise of plane strain. Generalized plane strain is a more general and
realistic 2D model which takes into account the 3D effects (by incorporating the uniform
out-of-plane displacement). The indirect compression simulations were carried out using
only the generalized plane strain model due to the nature of this deformation mode.
Moreover, the 3D simulations were performed under displacement control (Chapters 7 and
8) with a full range of biaxial compression considered.
All simulations were conducted using the finite element software ABAQUS (Dassault
Systems Simulia Corp., Johnston, RI, USA, Version 2017), under the static condition and
geometric nonlinearity (large deformation analysis). The displacement increments for the
static analysis were kept sufficiently small to avoid the potential increment-size
dependency of the solutions (this issue is discussed with more details in Chapter 6). In all
the three-dimensional simulations (except in Section 7.7), to stabilize the numerical
solutions in the post-buckling state, viscous damping was included and the corresponding
damping factor was calculated via the ABAQUS adaptive automatic stabilization
scheme[90] for each time-increment via an iterative process until the converged solution is
ensured. The iteration is controlled by the convergence history and the ratio of the energy
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dissipated by the viscous damping to the total strain energy (termed “accuracy
tolerance”)[90]. In this study the accuracy tolerance was specified to be less than 10% to
prevent damping-dependent solutions. Nevertheless, no damping was applied to any of the
presented two-dimensional simulations. The simulations were conducted using the
Message Passing Interface (MPI) parallelization technique, and were implemented at the
Center for Advanced Research Computing (CARC) at University of New Mexico (mostly
3D simulations); a total of 20-50 computing nodes (160-400 Intel-Xenon cores) were
employed for each simulation. Preliminary analyses have verified that the numerical
solutions were independent of the parallel computational procedures.
It should be emphasized that using geometric nonlinearity (large deformation analysis) is
a necessity while using embedded imperfection approach and the technique cannot trigger
instability modes in case infinitesimal strain field is considered.
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CHAPTER 4 PLANER SURFACE WRINKLING: SINGLE-LAYER
THIN FILMS
In this chapter, the simplest case of a single-layer thin film on top of a compliant substrate
is considered and the capabilities of embedded imperfection approach in triggering the
instability and simulating the sinusoidal wrinkles is assessed and demonstrated. This
chapter has mostly focused on the basic concepts regarding the implementation of the
embedded imperfection approach and how to analyze the numerically obtained outputs.
This chapter is generally written in accordance with our findings reported in [111] but with
more elaborations on certain topics as discussed in the following.
4.1. Numerical model description
The finite element simulations are performed on the 2D film-substrate system as shown in
Fig. 4.1. Buckling instability under both cases of direct and indirect compression are
studied. For the case of direct compression, the surface wrinkles are simulated via both
generalized plane strain and plane strain models; however, for the case of indirect
compression, plane strain is fundamentally invalid so only the generalized plane strain
condition is considered. The generalized plane strain condition takes into account the

Figure 4.1. The film-substrate system and boundary conditions used for numerical simulations. (Note that for the
case of indirect compression, the pulling displacement is applied along the 𝑧 direction, as shown in Fig. 2(b).)
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uniform deformation in the out-of-plane (z) direction and thus the realistic 3D effect. Note
that the plane strain assumption is consistent with the theoretical formulation, Eqs. (3-6).
The problem domain is defined with equal width and depth, 𝑤 = 𝐷 = 1000 𝜇𝑚, film
thickness 𝑡𝑓 = 0.1 𝜇𝑚, and the out-of-plane thickness used in generalized plane strain of
unity. In the current numerical study, we consider a single film thickness to study the
feasibility of our numerical approach and to compare with theoretical values. The
simulation domain is treated as a representative unit segment of a large periodic structure
along x. The left-hand edge is a symmetry boundary, with displacement allowed only in
the y direction while the bottom corner point is fixed in both x and y. The right-hand
boundary can move but is constrained to remain vertical during deformation. For direct
compression, the negative x-direction displacement is prescribed on the right-hand
boundary. For indirect compression, a pulling action is imposed along the z direction
resulting in lateral contraction [120].
Once a wavy pattern forms, the wavelength (𝜆) and amplitude (A) can be directly obtained
from the simulation output. The critical buckling strain ( 𝑒𝑐𝑟 ) may be identified by
monitoring the evolutions of overall load and displacement or, alternatively, by plotting
the amplitude-strain/displacement response. A deviation from the pre-buckling path
signifies the onset of instability (also known as first bifurcation point). The details are
presented in the following chapters.
In this chapter, four-noded quadrilateral continuum elements (with full integration
approach) are utilized throughout the model. The top layer is assigned to be the thin film,
with the element size increasing gradually from top to bottom. Note that in this chapter,
the film layer is discretized by only one layer of elements within its thickness. More
discussions regarding the element distribution are given in the following.

4.2. Results and Discussions
In this section the simulation results are presented, with emphasis given to the wrinkling
wavelength, amplitude, and critical strain. For illustration purposes a mesh consisting of
500 columns and 100 rows of elements (total of 50,000) is initially considered for both the
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direct and indirect compression problems (Sections 4.2.1 and 4.2.2). The effect of
imperfection distribution is discussed in Section 4.2.3. Mesh convergence analyses are
presented in Section 4.2.4, along with the comparisons between simulation results and
analytical solutions described in Chapter 2. Section 4.2.5 provides further discussion of the
numerical technique.
4.2.1. Direct compression
Simulations based on both the plane strain and the more realistic generalized plane strain
conditions were performed, but this section only includes the results of generalized plane
strain (for P3HT:PCBM film). The plane strain results are presented in Section 4.2.4, in
the context of making comparisons with theories.

A linearly ramped negative x-displacement is applied to the right-hand boundary in Fig.
4.1 to simulate direct compression. Both the cases with and without the embedded
imperfections are considered. Fig. 4.2 shows the deformed configurations for the
generalized plane strain model when the applied displacement reaches 20 𝜇 m (or

a

b

a

b
Figure 4.2. Deformed configurations for the direct compression problem (under the generalized plane strain condition)
when the applied compressive displacement reaches 20 m, for the case (a) with embedded imperfections and (b) without
imperfection. A displacement scaling factor of 10 is used here for better visualization.
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equivalently, 0.02 compressive engineering strain), for the cases with (Fig. 4.2(a)) and
without (Figure 4.2(b)) the embedded imperfections. As can be seen in Figure 4.2(b), no
wrinkling occurred in the perfect model. With the imperfections, Figure 4.2(a), however, a
uniform wave form was generated throughout the entire width of the specimen in spite of
the relatively coarse mesh used.
The onset of wrinkling can be identified in several ways, by comparing the simulation
history results with and without imperfections. Fig. 4.3(a) shows how the induced vertical
(y) displacement at the upper-right corner node evolves with the applied overall
compressive x-displacement at the right-hand boundary. The zoomed-in plot is used to
identify where the curve for the case with imperfections starts to deviate from that of the
perfect model. Figure 4.3(b) shows the overall reaction force as a function of the applied
compressive displacement. Again, a clear deviation point can be identified. In both cases
the critical applied displacement is found to be -18.4 𝜇m, which is equivalent to a critical
strain 𝑒𝑐𝑟 of -0.0184. By monitoring the deformed shape of the model, it was confirmed
that the onset of wrinkling corresponds to this critical strain.
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𝒖𝒙 (𝝁𝒎)

Figure 4.3. (a) Variation of the induced vertical displacement at the upper-right corner node with the applied
displacement during direct compression. (b) Variation of the reaction force with the applied displacement during direct
compression.
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4.2.2. Indirect compression
A linearly ramped tensile displacement in the 𝑧 direction is applied to the generalized plane
strain model. Figure 4.4 shows the deformed configurations when the applied tensile strain
𝑒𝑧𝑧 reaches 0.16, for the cases with (Fig. 4.4(a)) and without (Fig. 4.4(b)) the embedded
imperfections. No wrinkling occurred in the perfect model as seen in Fig. 4.4(b). With
imperfections, however, lateral contraction due to the Poisson’s ratio effect instigated

a

b

a

b
Figure 4.4. Deformed configurations for the indirect compression problem when the applied tensile strain ezz reaches 0.16, for
the case (a) with embedded imperfections and (b) without imperfection. A scaling factor of 5 is used here for better visualization.

wrinkling and a uniform wave form was generated throughout the entire width of the
specimen (Fig. 5(a)) despite the relatively coarse mesh used.
A similar procedure as outlined in Section 4.2.1 was used to obtain the critical strain. Figs.
4.5(a) and 4.5(b) show the evolutions of the vertical displacement uy and horizontal
displacement ux, respectively, at the upper-right corner node as the applied tensile strain
𝑒𝑧𝑧 increases. In this case of indirect compression, the deviation of the curves with
imperfections from their perfect counterparts can be easily detected in only the
displacement response as shown in Figure 4.5. No noticeable deviation can be seen from
the load-displacement curve. A consistent critical tensile strain value (𝑒𝑧𝑧 )𝑐𝑟 of 0.144 is
obtained from both Figures 4.5(a) and 4.5(b). Again, it was confirmed from the deformed
shape that the onset of buckling corresponds to this critical strain.
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Figure 4.5. Variation of the induced (a) vertical displacement and (b) horizontal displacement at the upper-right corner
node with the applied displacement uz during indirect compression (tension in the z direction).
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4.2.3. Effects of imperfection distribution

The embedded imperfections used in the current approach are elements immediately below
the interface, with the elastic properties identical to those of the film. A large number of
simulations were conducted to explore how the distribution of imperfections can lead to
uniform and reliable wrinkling characteristic of a given film-substrate system. It was found
that assigning only one imperfect element in the model is sufficient to trigger instabilities;
however, different distributions of such defects in the model may alter the induced
wrinkling pattern. Here, a systematic study on the effects of uniform and non-uniform
distributions of imperfections on the wrinkling patterns is presented.

, 𝝀, (𝝁𝒎)

a

, 𝝀, (𝝁𝒎)

b

, 𝑺𝒊𝒎𝒑 (𝝁𝒎)
Figure 4.6. Variation of the wrinkle wavelength , 𝜆, with (a) the total number of uniformly embedded
imperfections, and (b) the uniform imperfection spacing, 𝑆𝑖𝑚𝑝 . The results pertain to the generalized plane strain
(GPE) condition, at 𝑒⁄𝑒𝑐𝑟 = 1.20.
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Figure 4.7. The curves in Fig. 4.6(b) normalized by the value of stable wavelength. Three regions with different ranges of
imperfection spacing are identified: (I) Imperfection controlled waves (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 < 6), (II) Fully developed uniform waves
independent of the imperfections (6 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55), and (III) Non-uniform/localized waves (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 > 55).

Consider the film-substrate system shown in Fig. 4.1 (with the dimensions and boundary
conditions defined in Section 4.2.1). Starting with the case of uniformly distributed
imperfections, models with various numbers of imperfect elements (or equivalently, with
different values of imperfection spacing, 𝑆𝑖𝑚𝑝 ), are analyzed for the two film materials. In
each model, a mesh with the total number of 1,600,000 elements is considered (the finest
mesh size yielding converged results in this study, Section 4.4). The simulated wrinkle
wavelength versus the number of imperfections is plotted in Fig 4.6(a), and the wavelength
versus the imperfection spacing, 𝑆𝑖𝑚𝑝 , is shown in Figure 4.6(b). It should be noted that all
models in this chapter were generated with the same number, size, and configuration of
elements. As can be seen from Figure 4.6, the obtained wavelength is sensitive to the
number of embedded imperfections; however, for a wide range of imperfection spacing,
the wavelength tends to remain constant. This stable value of wavelength is henceforth
denoted as 𝜆𝑠 .
The results presented in Fig. 4.6 for the two film materials can be combined, by normalizing
both the wavelength and imperfection spacing with 𝜆𝑠 (which is different for the two film
materials), as shown in Fig. 4.7. It is evident that the range of imperfection spacing which
generates the constant wavelength coincides for the two film materials, suggesting the
generality of the current approach. The curves in Figure 4.7 can be divided into three
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regions as follows. Region (II) (6 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55) is associated with the constant/stable
wavelength (𝜆⁄𝜆𝑠 = 1), in which the wrinkling wavelength is invariant with respect to the

a

b

c

d

e
Figure 4.8. Typical wrinkling configurations obtained from the simulations for various uniform imperfection distributions, for the
models with PEDOT:PSS film (the green dots are the embedded imperfections barely visible in these images). (a) Nonuniform/localized wave pattern (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 > 55). (b) Fully sinusoidal wave form independent of the imperfection distribution
(6 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55), (c) and (d) Complex wave patterns as the imperfection spacing becoming smaller (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 = 3.60 in (c)
and 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 = 2.40 in (d), (e) Fully imperfection controlled sinusoidal wave (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 = 0.89). Note that various displacement
scaling factors were used in (a) to (e) for better visualization, and the images cover only a portion of the surface region.

imperfection distribution. The wrinkling configuration within region (II) is sinusoidal and
uniform throughout the film, a typical case of which is shown in Figure 4.8(b). In the other
two regions defined in Figure 4.7, regions (I) and (III), the value of 𝜆⁄𝜆𝑠 deviates from
unity. The simulated wave configurations differ from the conventional sinusoidal form.
Note that in region (III), the imperfection density is very low ( 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 > 55 ). The
resulting wrinkle pattern is not uniform; the instability was initiated locally at the
imperfection site and the wrinkles do not propagate uniformly throughout the entire width
(a typical form is shown in Figure 4.8(a)). Finally, region (I) in Figure 4.7 corresponds to
very high imperfection densities (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 < 6); in this case, depending on the value of
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𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 , various forms of wavy patterns were seen which were dictated by the
imperfection distribution and their interactions. Within the span of 1 < 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 < 4,
uneven wave patterns were observed (representative forms are shown in Figures 4.8(c) and
4.8(d)). For the case of 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 1, a sinusoidal wave with the wavelength artificially
controlled by the imperfection spacing was seen (a typical form is shown in Figure 4.8(e)).
Note that for the cases of non-uniform wrinkle configurations (𝜆⁄𝜆𝑠 ≠ 1), the maximum
measurable wavelength values are reported here.
In addition to uniform imperfection distributions, a large number of simulations were
performed involving random (nonuniform) imperfection distributions. Here, only the
salient findings are reported. Depending on the maximum and minimum values of the
imperfection spacing, 𝑆𝑖𝑚𝑝 , in a given model, the buckling pattern for the random
imperfection distribution can be both uniform or non-uniform. The sinusoidal and fully
uniform wave form, independent of imperfection locations, can only be generated when
both the conditions 6 ≤ (𝑆𝑖𝑚𝑝 )𝑚𝑎𝑥 ⁄𝜆𝑠 ≤ 55 and 6 ≤ (𝑆𝑖𝑚𝑝 )𝑚𝑖𝑛 ⁄𝜆𝑠 ≤ 55 are met. These
conditions correlate well with the satisfactory range identified in the case of uniform
imperfection distributions, i.e., region (II) shown in Fig. 4.7. This consistency further
verifies the generality of the valid range of 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 in generating uniform surface wrinkles.
Deviation from the conditions leads to various nonuniform and complex wave patterns. Fig.
4.9 shows representative wrinkle patterns induced by random imperfection distributions.
Note that in Fig. 4.9(a), a nonuniform wavy configuration forms locally, but in regions far
away from densely populated imperfections a common sinusoidal pattern may still develop.
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a

b
Figure 4.9. Typical wrinkling patterns seen for nonuniform distribution of imperfections (for P3HT:PCBM film).
a Nonuniform and complex wrinkles for a case that does not satisfy the condition of 6 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55. b Uniform
wrinkles obtained for a case that satisfies the condition of 6 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55, independent of the imperfection
locations. The images cover only a portion of the surface region. The barely visible green dots are the embedded
imperfections, and the scaling factor is 40 for both a and b.

In summary, in the current numerical approach the embedded imperfections are required
to trigger wrinkling instabilities, but a range of 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 was identified such that the
wrinkle pattern is not controlled by the number and locations of the imperfections. For any
arbitrary distribution of imperfections, an “objective” wrinkle pattern can be achieved
provided that the extreme values of imperfection spacing in a given model fall within the
range of 6 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55 . The presented upper and lower bounds for 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 are
specified conservatively based on the numerical results. It should be noted that, in addition
to the wavelength results presented here, the critical wrinkling strain and amplitude were
also found to remain invariant for any random imperfection distribution within this valid
range. Moreover, our sensitivity studies showed that, the desirable spacing of imperfections
is simply proportional to the variation of the numerically obtained wavelength. In other
words, although making any changes in the model (such as mesh size and material
properties) can alter the wavelength, the objective range of 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 remains invariant.
Therefore, the range of 6 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55 is valid for any combinations of mesh size and
material properties.
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4.2.4. Convergence analysis and comparison with theory
The results presented in Sections 4.2.1 and 4.2.2 illustrated that the incorporation of
imperfections is able to trigger wrinkle formation even with relatively coarse finite element
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b

Figure 4.10. Variation of the simulated wrinkling wavelength with the number of elements for the cases of generalized
plane strain (GPE) direct compression, plane strain (PE) direct compression, and indirect compression. The theoretical
value is also included for comparison. (a) P3HT:PCBM film, (b) PEDOT:PSS film. The finite element meshes are all
composed of four-noded quadrilateral elements in the present chapter.

meshes. In this section a comprehensive convergence analysis is presented to assess the
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numerical approach and to compare the numerical and analytical solutions. The range of
mesh refinement spans from a total of 50,000 to 1,600,000 elements, with the number
increasing by a factor of two at each level. We have conducted extensive preliminary
simulations and observed that the wavelength tends to become smaller as the mesh is
refined, and as a result more imperfections are required to obtain an objective wavy pattern.
Considering the valid range of 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 identified in the previous section, in the case of the
coarsest mesh (50,000 elements) placing only one imperfection was sufficient to initiate
uniform and stable wrinkles. More imperfections are required for the finer meshes.
The wrinkling wavelength is considered first. Fig. 4.10 shows the variation of wavelength
with the total number of elements. Three sets of numerical results are included – direct
compression under generalized plane strain (GPE), direct compression under plane strain
(PE), and indirect compression under generalized plane strain. The theoretical wavelength,
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Figure 4.11. Variations of the simulated critical buckling strain with the number of elements, for the cases of direct and indirect
compression. (a, b) P3HT:PCBM film, (c, d) PEDOT:PSS film. Theoretical values are also included for comparison.

based on Eq. (3), is also included in the figure for comparison. It is evident that, in both
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cases of direct and indirect compression, the wavelength converges to a value slightly
lower than the theoretical solution as the mesh becomes sufficiently fine.

, 𝑨, (𝝁𝒎)

a

, 𝑨, (𝝁𝒎)

b

Figure 4.12. Variations of simulated amplitudes with the number of elements, for the cases of generalized plane
strain (GPE) under direct compression, plane strain (PE) under direct compression, and indirect compression.
Note that the numerical results pertain to 𝑒⁄𝑒𝑐𝑟 = 1.04 in all cases. The theoretical value is also included for
comparison. (a) P3HT:PCBM film, (b) PEDOT:PSS film.
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Figs. 4.11(a, c) show the variation of simulated critical wrinkling strain with the number
of elements, in the case of direct compression for both the generalized plane strain (GPE)
and plane strain (PE) conditions. The theoretical value of (𝑒𝑥𝑥 )𝑐𝑟 , based on Eq. (6), is
included. The corresponding result for indirect compression is shown in Fig. 4.11(b, d).
Here the critical strain is taken as the tensile strain (𝑒𝑧𝑧 )𝑐𝑟 instead of the compressive strain
(𝑒𝑥𝑥 )𝑐𝑟 , with the theoretical value calculated from Eq. (6) and then substituted into Eq. (8).
It is apparent that, in both cases of loading, the numerical solution is only slightly lower
than the theoretical value as the mesh is refined. It is also noticed from Figs. 4.11(a, c) that
the PE numerical model results in a lower critical strain than the GPE model, suggesting
that relaxing the out-of-plane (z) constraint caused by PE somewhat delays the onset of
instability.
Attention is now turned to the wave amplitude displayed by the wrinkles. Note that the
theoretical amplitude depends on both the applied strain and the critical buckling strain,
Eq. (6). As shown in Fig. 4.11, the critical buckling strain is different for each analysis. To
ensure an objective comparison, a constant ratio of 𝑒⁄𝑒𝑐𝑟 is considered for all the
simulations as well as the theoretical solution. (Note that according to Eq. (15), for any
given geometry, the wave amplitude is uniquely determined by the 𝑒⁄𝑒𝑐𝑟 ratio.) Fig. 4.12
shows the simulated amplitudes plotted against the number of elements, for the cases of
direct and indirect compression. A constant ratio of 𝑒⁄𝑒𝑐𝑟 = 1.04, shortly after the onset
of instability, was chosen for all cases in the figure. As can be seen from Fig. 4.12, the
numerical results are close to one another, and they converged to slightly below the
theoretical value.
In general, the results shown in Figs. 4.10 to 4.12 have demonstrated the credibility of the
present numerical approach with linear four-noded elements in predicting mechanically
induced wrinkling instability for thin film-thick substrate systems. However, the numerical
results slightly deviate from the analytical solutions while using such element type.
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4.3. Further discussions
A numerical simulation framework was developed for predicting buckling instability of
thin films attached to a thick compliant substrate. The incorporation of imperfections in the
model enables simulations on a regular static finite element platform, with no additional
treatment or special elements needed. The imperfections perturb the deformation field and
trigger the buckling deformation modes. Since under normal circumstances the wrinkling
wavelength is much smaller than typical specimen dimensions, a finite-size model is
employed with periodic boundary conditions, which proves to be adequate in bringing out
a uniform pattern of wrinkles once the critical buckling strain is reached. While the plane
strain and generalized plane strain models are used in the current study, the approach is
readily applicable to any three-dimensional geometry.

a
b
c
d
e
Figure 4.13. Development of surface wrinkles for the case of generalized plane strain under direct compression (the model
consists of 100,000 elements), when the applied compressive strain is (a) 𝑒⁄𝑒𝑐𝑟 = 0, (b) 𝑒⁄𝑒𝑐𝑟 = 0.9, (c) 𝑒⁄𝑒𝑐𝑟 = 1.0, (d)
𝑒⁄𝑒𝑐𝑟 = 1.04, (e) 𝑒⁄𝑒𝑐𝑟 = 1.30. Images cover only a portion of the surface region, with a displacement scaling factor of 10.
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In Chapter 2 the theoretical basis for wrinkling was summarized. These analytical
expressions were derived under the premise of a uniform sinusoidal surface contour. The
present numerical simulations, on the other hand, can be used to visualize the progression
of wrinkle formation. An example is given in Fig. 4.13, where the generalized plane strain
model during direct compression is shown under the applied compressive strain of (a)
𝑒⁄𝑒𝑐𝑟 = 0, (b) 𝑒⁄𝑒𝑐𝑟 = 0.9, (c) 𝑒⁄𝑒𝑐𝑟 = 1.0, (d) 𝑒⁄𝑒𝑐𝑟 = 1.04, and (e) 𝑒⁄𝑒𝑐𝑟 = 1.30. It
can be seen that, shortly before the critical strain was reached, Fig. 4.13(b), a small extent
of disturbance has commenced, although the macroscopic load-displacement response has
not displayed any notable deviation from that of the perfect model (e.g., Fig. 4.3). At the
instant of the critical wrinkling strain (Fig. 4.13(c)), a localized (non-uniform) form of
wavy pattern is evident. Note that this is only temporary, unlike the sustained irregular
wave form due to the valid range of 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 not being satisfied (as in Fig. 4.9(a)). Despite
the varying amplitude in Fig. 4.13(c), the wavelength is a constant throughout the width of
the specimen. The same wavelength persists with further straining, and in Fig. 4.13(d) well
developed uniform wrinkles have taken shape. This type of evolution process cannot be
captured by the theoretical approach, hence illustrating the importance of numerical
simulations in predicting surface instability phenomena. Moreover, it shows that depending
on 𝑒⁄𝑒𝑐𝑟 , the wavy pattern can be both localized or uniform during the temporal evolution
of surface contours irrespective of the imperfection distribution effect discussed in Section
4.3 (note that theory predicts uniform buckling pattern regardless of the value of 𝑒⁄𝑒𝑐𝑟 ).

The present technique is not only of significance in numerical studies but also important
from the physical point of view. One may draw an analogy between the embedded
imperfections and interface defects in an actual specimen. Deviations from a uniform wavy
pattern observed in real physical experiments may be rationalized by the numerical
simulations with different imperfection placements. Uncommon forms and irregularities of
wrinkles can potentially be captured even with a fully linear-elastic film/substrate system.
The current approach adds to the existing numerical capability, and can be further
employed to study how buckling instability is influenced by other factors, for instance the
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substrate thickness. It is also well suited as a design tool for the case of multilayer thin
films on a substrate. The mentioned topics are addressed in the following chapters.

4.4. Concluding remarks
A computational modeling approach was developed to predict the evolution of wrinkling
of relatively stiff thin coatings above a thick compliant substrate. Wrinkling instability can
be triggered by locally perturbed deformation field through the incorporation of embedded
imperfections. Wrinkles form under directly applied compressive strain. When the
Poisson’s ratio of the substrate is greater than that of the film, applied tension also induces
lateral compressive strain in the film, leading to wrinkling. Instabilities during both of these
direct and indirect compression are successfully predicted by the simulations. Through the
systematic analyses a valid range of imperfection density, being able to generate an
“objective” wrinkle pattern, was identified. The current approach does not involve any
multi-step or iterative numerical procedure, and is straightforward, computationally
efficient, and can be implemented with any finite element analysis platform using regular
continuum elements. It is well suited for predicting buckling instability in the design and
analysis of thin film systems over a wide range of material and geometric conditions.
With the finest mesh considered in this chapter, the simulated wrinkling parameters do not
fully converge analytical solutions; however, the difference with the theory is not
significant. Our prior studies on this issue essentially demonstrate that the reason of such
deviations from the theoretical solutions stems in potential shear-locking associated with
the use of linear four-noded elements [90]. Regardless of this convergence issue, the
presented results with the linear elements are demonstrated to be acceptable since the
current level of accuracy is way beyond the requirements for many engineering
applications of surface wrinkles. As we show in the following chapters, such convergence
problem utterly rectifies simply by replacing the linear elements with second order
quadratic 8-noded elements. Nevertheless, our recent studies on the application of linear
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elements (using HPC system) illustrate that for the same model geometry and dimensions
as studied in this chapter, full convergence with linear elements is yet feasible providing
that a significantly finer mesh distribution (compared to the finest mesh shown in this study)
in combination with the use of more than one layer of elements within the film thickness,
are being utilized. Although for linear-elastic surface wrinkling problem, using the
quadratic elements is computationally more efficient and more accuracy can be obtained
with considerably lower number of elements, we still emphasize the applicability of linear
elements for embedded imperfection approach; since many well-known finite elementbased damage/plasticity models that can be potentially combined with this approach, are
limited to the use of linear elements, particularly when finite element simulation using
commercial software (i.e. ABAQUS) is of interest.
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CHAPTER 5 PLANER SURFACE WRINKLING: COMPOSITE
THIN FILMS
In this chapter, a numerical technique utilizing embedded imperfections is employed for
direct simulations of wrinkle formation, extending from a single-film structure to
composite films involving two or more layers. In addition, the approach was successfully
expanded from the linear elements to higher order quadrilateral elements resulting in higher
accuracy and improved computational efficiency. This chapter is mainly presented
corresponding with our studies reported in [112] but with more delineations on particular
subjects.

5.1. Numerical model description
Starting with the case of bilayer thin film, as the films are on top of a compliant substrate,
with the embedded imperfections distributed right underneath the film-substrate interface.
A typical form of the problem geometry, including the boundary conditions, are shown in
Fig. 5.1. The boundary conditions are defined so that the problem domain could be
considered as a repetitive cell of a large periodic structure, in that the left edge is fixed in
x-direction, the lower-left corner node is fixed in both x and y directions, and the right-hand
boundary can move but is constrained to remain vertical during deformation [120].
In this chapter, in contrary to Chapter 4, higher-order 2D elements (eight-noded
quadrilateral continuum elements) were utilized throughout the entire model. In addition,
the film layer(s) were discretized with at least four layers of elements along the thickness
direction of each film (as opposed to one layer of elements in thickness used in Chapter 4).
Uniform element distribution is applied for the film layers. A graded element distribution,
with the element size increasing gradually from top to bottom, is considered for the
substrate.
The problem dimensions are 𝑤 = 𝑑 = 1000 𝜇𝑚 wtih the total film thickness 𝑡𝑓 = 0.1 𝜇𝑚;
note that this is essentially a semi-infinite size for the substrate. In the case of generalized
plane strain, a z-direction thickness needs to be defined and it is taken as unity. The
thicknesses of the upper and lower films are represented by, respectively, 𝑡𝑓1 and 𝑡𝑓2 . The
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two film thicknesses are systematically varied in this work to study its effects on surface
wrinkling. The fractional volume ratio of the upper film layer (𝑡𝑓1 /𝑡𝑓 ) is considered as a
reference measure when presenting the results in the following sections. The upper film
layer is P3HT:PCBM and the lower film layer is PEDOT:PSS (material properties and
complementary details were presented in Chapter 3).
As discussed in Chapter 3, the simulations were performed under the displacementcontrolled condition with two different loading scenarios of direct and indirect compression
(using PE and GPE models as discussed in early sections).

𝒘
P3HT:PCBM film layer 1

𝒕𝑓1

PEDOT:PSS film layer 2

𝒕𝑓2

𝒕𝑓
Applied displacement
(for the case of direct compression)

Embedded Imperfections
𝒅

PDMS substrate
𝑦

Remain
vertical

𝑥

Figure 5.1. The bilayer film-substrate system and boundary conditions used for the numerical simulations.
(Note that for the case of indirect compression, a tensile displacement is applied in the 𝑧 direction).
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5.2. Simulation results and discussions
A brief presentation on model verification and mesh convergence, using the single-layer
film model with higher-order elements, is first given in Section 5.2.1. Section 5.2.2 then
reports the main simulation results and associated discussion on bilayer composite films.

5.2.1. Model verification
A large number of simulations were performed to assess the mesh-independency and
reliability of the numerical solutions presented in this study. Here, only a subset of the
analyses is presented using two single-layer film systems (P3HT:PCBM film on PDMS
substrate, and PEDOT:PSS film on PDMS substrate), each with a film thickness of 0.1 mm.
The embedded imperfections, being regular finite elements immediately underneath the
interface but carrying the film properties, are uniformly distributed, and the imperfection
spacing is kept within the valid range for triggering uniform wrinkles as discussed
separately in detail in Section 5.3.2. Fig. 5.2(a) shows the simulated wrinkling wavelength
as a function of the number of elements per unit model width for the two cases of film
materials, under direct compression using generalized plane strain. Theoretical values
based on Eq. (3) are also included in the figure for comparison. It is evident that, with
sufficiently fine mesh, the numerical solutions converge to theoretical values.
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Fig. 5.2(b) shows the simulated amplitude as a function of applied compressive strain
normalized by the critical buckling strain. The simulations are based on the finest mesh
considered in Fig. 5.2(a). The theoretical response, given by Eq. (15), is also included for
comparison (it is independent of the film material). The amplitude remains to be zero until
the onset of instability at the critical strain. Once instability starts the sinusoidal wave form

, 𝝀, (𝝁𝒎)

a

, (#/𝝁𝒎)
, (𝝁𝒎)

b

Figure 5.2. Convergence study for a single-layer film-substrate system, using continuum eight-noded quad
elements, for the cases of generalized plane strain under direct compression. Results from two different film
materials of P3HT:PCBM and PEDOT:PSS are included. (a) Variation of the simulated wrinkling wavelength with
the number of elements per unit width. (b) Variation of the simulated wrinkling amplitude with applied strain
normalized by the critical strain (𝑒⁄𝑒𝑐𝑟 ). Theoretical values are also included for comparison.
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takes shape with an increasing amplitude. It is clear that the numerical prediction captures
the theoretical response extremely well. Note that the present numerical technique does not
require a multi-step process with special treatments as in many others; the instability and
subsequent evolution of wrinkles can be obtained in a straightforward and seamless manner.
In our previous analysis using four-noded linear elements (Chapter 4), mesh convergence
can be reached but the converged solution deviated from the theoretical value slightly. In
the present case of eight-noded quadrilateral elements, an excellent agreement between
numerical and theoretical solutions is obtained. In the present chapter, all numerical results
are based on the finest mesh (16 eight-noded elements per unit width). Aside from the
generalized plane strain results presented here, it is verified from our preliminary
simulations that the solutions of all other modeling scenarios (plane strain, bilayer
composite films etc.) also showed convergence using the same number of elements per unit
width as in Fig. 5.2 We have also found that, in the case of a single-layer film, placing only
two layers of uniformly distributed elements (eight-noded quadrilateral) over the film
thickness is sufficient to generate the fully converged solutions. As for the case of bilayer
composite films, using at least three layers of uniformly distributed elements through each
film thickness will yield satisfactory results.
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5.2.2. Bilayer Composite films
A comprehensive study on the effects of various fractional volumes of film layers on the
wrinkle formation is now presented. The fractional volume percentage of the film layers
are systematically varied, which is designated as the volume (thickness) percentage of the
upper P3HT:PCBM film. For example, 0% P3HT:PCBM means a single-layer of 0.1 mthick PEDOT:PSS film, and 50% P3HT:PCBM means a 0.05 m-thick P3HT:PCBM film

a

Embedded Imperfection

b

Embedded Imperfection

c

Embedded Imperfection

Figure 5.3. Typical forms of the simulated sinusoidal wrinkles for the cases of (a) 0% P3HT:PCBM,
(b) 50% P3HT:PCBM, and c 100% P3HT:PCBM. Note that all the images are magnified and scaled
for better visualization so the horizontal and vertical length scales are different.

on top of a 0.05 m-thick PEDOT:PSS film. As an illustration, typical forms of
numerically simulated sinusoidal wrinkles near one of the randomly chosen embedded
imperfections are shown in Fig. 5.3.
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, (𝒆𝒙𝒙 )𝒄𝒓
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𝝀/𝒕𝒇

𝟐𝟎𝟎. 𝟎𝝁𝒎
Figure. 5.4. (a) Variation of the simulated wrinkling wavelength normalized by film’s total thickness (𝜆/𝑡𝑓 ), with the fractional
volume percentage of the P3HT:PCBM film, for the cases of generalized plane strain (GPE) direct compression, plane strain (PE)
58 theoretical solutions are also included for comparison. (b) and (c)
direct compression, and indirect compression (GPE). The
Variations of the simulated critical buckling strain with the fractional volume percentage of P3HT:PCBM film, for the cases of
(b) direct compression and (c) indirect compression. The theoretical solutions are also included. (d) Comparison of an
experimentally measured range of wavelengths and numerical predictions. (e) An optical microscopic image showing the surface
wrinkles of a bilayer system of P3HT:PCBM/PEDOT:PSS films on the PDMS substrate.

Fig. 5.4(a) shows the numerically predicted wrinkling wavelength normalized by the initial
total film thickness, 𝜆⁄𝑡𝑓 , as a function of the fractional volume percentage of
P3HT:PCBM film from 0 to 100%. The left and right ends thus correspond to the cases of
single-layer PEDOT:PSS film and single-layer P3HT:PCBM film, respectively. The
results of all the three numerical models of generalized plane strain (GPE) under direct
compression and indirect compression, and plane strain (PE) under direct compression, are
included in the figure. Also included in Fig. 5.4(a) are the theoretical values based on Eq.
(11), as well as the simplistic theoretical approach using the rule-of-mixtures composite
tensile modulus Et (Eq. (9)) in place of Ef in Eq. (3). Note that the numerical wavelength
values are measured at the onset of bifurcation (𝑒⁄𝑒𝑐𝑟 ≅ 1.0) for a fair comparison with
the existing theories. It can be seen that the numerical predictions generally agree with the
theoretical solutions throughout the entire range of volume percentage. Indirect
compression (tensile stretching along z-direction) leads to slightly smaller wavelengths
than direct compression, because tensile strain leads to a slight reduction in film thickness
which, according to Eq. (11), scales with the wavelength. From Fig. 5.4(a) it is apparent
that the simplistic rule-of-mixtures approximation does not provide a good wavelength
prediction for bilayer films.
Fig. 5.4(b) shows the variation of critical compressive strain with the fractional volume
percentage of P3HT:PCBM film, under direct compression with the generalized plane
strain (GPE) and plane strain (PE) conditions. The theoretical values, based on Eq. (12) as
well as the simplified approximation, are also shown. The plane-strain numerical result
matches the theory (which was derived based on the plane strain condition). The more
realistic generalized plane strain model, however, results in greater critical strain values.
The relaxation of z-direction constraint allowed in GPE (i.e., allowing Poisson expansion
in z when compressed in x) prolongs the regular compressive response, thus increasing the
critical strain for instability. Fig. 5.4(c) shows the comparison for the case of indirect
compression using the critical strain definition of Eq. (8) modified by Eq. (12). Note that
by default plane strain is invalid in this case. The comparisons in Figs 5.4(b) and 5.4(c)
illustrate the limitation of the theory – while the theoretical wavelength solution is accurate
(Fig. 5.4(a)), determination of the critical wrinkling strain necessitates the employment of
numerical modeling using the realistic generalized plane strain condition.
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An attempt was made to compare the numerical prediction with experiment, using the
P3HT:PCBM/PEDOT:PSS bilayer films on a PDMS substrate. Rectangular substrates of
length 75 mm and width 12.5 mm were cut from the casted and cross-linked PDMS disk.
They were then pre-stretched to greater than 1% tensile strain and fixed onto a glass slide
with paper clips. The PDMS substrate was spin-coated with pre-processed PEDOT:PSS
and then P3HT:PCBM thin films. Detailed fabrication procedures can be seen in [11].
Upon releasing the pre-strain, the films were under compression and wrinkles can be
observed. Due to the nonuniformity of film thickness and the possible uneven in-plane pretension, a single wavelength for the wrinkles was difficult to obtain in a given specimen.
Here we plotted the range of measured wavelengths along with the numerical prediction in
Fig. 5.4(d). A typical optical microscopic image of the surface wrinkles is shown in Fig.
5.4(e). In the experiment the thickness of the P3HT:PCBM layer ranges from 0.200 to
0.230 μm, and the PEDOT:PSS layer ranges from 0.587 to 0.662 μm; the total thickness
of the bilayer thus varies from 0.787 to 0.892 μm. The volume fraction of P3HT:PCBM is
then calculated within the range of 22 to 29% (shown in Fig. 5.4(d) with a bounded
horizontal line). The wavelength is measured, from a series of optical images, to be within
the range of 44 to 72 μm. These values were normalized by the maximum total film
thickness and plotted with a bounded vertical line in Fig. 5.4(d). As can be seen, the
numerical result falls outside the range of experimental measurements. It is noted, from the
analytical relations given in Chapter 2, that the wavelength not only depends on the
individual film thicknesses but is also sensitive to elastic moduli and their ratios. With the
drastically different modulus values of the films and the substrate, any deviation of input
parameters used in modeling from the actual material properties can potentially generate a
significant difference in wavelength prediction. In Fig. 5.4(d) the simulated and
experimental wavelengths are within a factor of two.
In addition to wavelength and critical strain, attention is now turned to the wrinkling
amplitude. The evolution of the wave amplitude is monitored from numerical simulations
for each composite film considered. Fig. 5.5 shows the variation of the amplitude
(normalized by the initial total film thickness tf) with the applied compressive strain
(normalized by the critical strain 𝑒𝑐𝑟 ), in the case of direct compression under plane strain.
A total of 12 volume percentages of the composite films are included, along with the
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theoretical response based on a single-layer film, Eq. (15). (The theoretical solution for
̅ , will be discussed later in Figure 5.8.) Fig. 5.5 shows that the
bilayer films, Eq. (15) with Ψ

present numerical approach can simulate wrinkle formation for bilayer films in a
straightforward manner as in the case of single-layer film (Fig. 5.2). Amplitudes for most
of the composite films deviate from the single-layer solution. The inset in Fig. 5.5
quantifies the deviation when the applied strain 𝑒⁄𝑒𝑐𝑟 is at 1.10 in the post-buckling
regime. The horizontal line in the inset denotes the theoretical single-layer solution. It can
be seen that, at the single-layer extremes (0% and 100% P3HT:PCBM) numerical
predictions generally agree with the single-layer solution. For composite films with
P3HT:PCBM contents smaller and larger than about 30%, the simulated amplitudes are,
respectively, higher and lower than the single-layer solution.
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Figure 5.5. Variations of simulated wrinkling amplitude, normalized by total thickness of the film (𝐴/𝑡𝑓 ), with the progression of
normalized applied compressive strain (𝑒⁄𝑒𝑐𝑟 ), for different fractional volume percentages of the composite films, for the case of
plane strain (PE) under direct compression. Note that the amplitudes shown in the inset pertain to 𝑒⁄𝑒𝑐𝑟 = 1.10.

Figure 5.6. Variations of simulated wrinkling amplitude, normalized by total thickness of the film (𝐴/𝑡𝑓 ), with the progression of
normalized applied compressive strain (𝑒⁄𝑒𝑐𝑟 ), for different fractional volume percentages of the composite films, for the case of
generalized plane strain (GPE) under direct compression. Note that the amplitudes shown in the inset pertain to 𝑒⁄𝑒𝑐𝑟 = 1.10.
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A similar plot as in Fig. 5.5, but for the case of generalized plane strain under direct
compression, is shown in Fig. 5.6. The development of amplitude follows the same trend.
Again, when the volume fraction of P3HT:PCBM is below about 30%, the numerically
predicted amplitude is greater than the theoretical single-layer solution. The opposite is
true when the volume fraction is above about 30%. This deviation cannot be captured by
the single-layer theory (Eq. (15) with Ψ) since the composite film effect was ignored. A
similar amplitude result for the case of indirect compression is shown in Fig. 5.7.

Figure 5.7. Variations of simulated wrinkling amplitude, normalized by total thickness of the film (𝐴/𝑡𝑓 ), with the
progression of normalized applied strain (𝑒⁄𝑒𝑐𝑟 ), for different fractional volume percentages of the composite films, for
the case of generalized plane strain (GPE) under indirect compression. Note that the amplitudes shown in the inset
pertain to 𝑒⁄𝑒𝑐𝑟 = 1.10.

To compare the numerical predictions with the theoretical amplitudes accounting for the
composite effect, results from all three modeling scenarios (PE direct compression, GPE
direct compression, and GPE indirect compression) are plotted in Fig. 5.8 along with the
theoretical solutions for a single-layer film (Eq. (15)) and for the bilayer composite films
̅ ), when 𝑒⁄𝑒𝑐𝑟 = 1.10. It is observed that, unlike the single-layer theory,
(Eq. (15) with Ψ

the bilayer theory is able to capture the variation of amplitude with the volume fraction.
The agreement between the numerical results (specifically PE direct compression and GPE
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direct compression) and Eq. (15) is quite well. As for the case of GPE indirect compression,
the amplitude follows the same trend but there is lesser agreement with the rest of the cases.
We attribute this quantitative inconsistency to the different nature of indirect compression
– to attain the same compressive strain in x-direction in the film the structure needs to be
pulled in z quite extensively. The change in film thickness due to the Poisson effect may
influence the amplitude to a greater extent.

Figure 5.8. Variations of simulated amplitudes (normalized by the total film thickness) with the fractional volume
percentage of P3HT:PCBM layer, for the cases of generalized plane strain (GPE) under direct compression, plane strain
(PE) under direct compression, and generalized plane strain (GPE) under indirect compression. Note that the numerical
results pertain to 𝑒⁄𝑒𝑐𝑟 = 1.10 in all cases. The theoretical values (both single-layer and bilayer theories) are also
included for comparison.

64

5.3. Effects of embedded imperfections
The numerical results presented in Section 5.2 were all based on distributions of the
embedded imperfections such that uniform wrinkles conforming to the theoretical solutions
can be triggered once the critical strain is reached. In the analyses below (Section 5.3.2)
we aim to define this “objective” range of imperfection distribution, as well as to illustrate
more complex surface instability patterns when the imperfection distribution deviates from
the identified range. In Section 5.3.1, attention is first devoted to the effect of material
properties carried by the imperfections.

5.3.1. Effects of imperfection properties
As schematically shown in Fig. 5.1, the imperfections were placed in the substrate
immediately below the lower film. The material properties of the lower film were used in
these imperfection elements. One may interpret this arrangement as having an imperfect
interface with occasional geometric irregularities, which is physically plausible. On the
other hand, if properties different from those of the film material are used for the
imperfections, the interface may be considered as bearing occasional contaminations
(which is likely the rule rather than the exception in actual materials). Here, we numerically
investigate the sensitivity of wrinkle formation to imperfection properties used in the
model.
The model with 50% P3HT:PCBM is utilized (i.e., equal thickness of P3HT:PCBM and
PEDOT:PSS films), with the elastic modulus of the imperfections, 𝐸𝑖𝑚𝑝 , varied from 50
MPa to 73,000 MPa. Direct compression under generalized plane strain is considered. Two
sets of simulations were carried out using different Poisson’s ratios for the imperfections
(𝜈𝑖𝑚𝑝 ), one with 0.495 (equal to that of the substrate) and the other with 0.35 (equal to that
of the two film materials). Figs. 5.9(a) and 5.9(b) show the evolutions of normalized
wrinkle amplitude as the applied compressive strain increases (the applied strain is
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normalized by the critical value), for the case of 𝜈𝑖𝑚𝑝 = 0.495 and 0.35, respectively. It is
evident that the present embedded imperfection approach shows very good repeatability –
the amplitude response remains unchanged over a wide span of imperfection modulus.
Only when 𝐸𝑖𝑚𝑝 becomes much smaller than the film modulus does deviation start to
show. In addition, comparing Figs. 5.9(a) with 5.9(b) the imperfection Poisson’s ratio plays
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a
𝑒⁄𝑒𝑐𝑟 = 0.0

Embedded Imperfection

𝑒⁄𝑒𝑐𝑟 = 0.1

𝑒⁄𝑒𝑐𝑟 = 0.5

𝑒⁄𝑒𝑐𝑟 = 0.9

𝑒⁄𝑒𝑐𝑟 = 1.0

b

𝑒⁄𝑒𝑐𝑟 = 1.04

𝑒⁄𝑒𝑐𝑟 = 1.25

Figure 5.9. (a) and (b) Variations of simulated wrinkling amplitude normalized by the total film thickness (𝐴/𝑡𝑓 ), with the increase
in directly applied compressive strain, 𝑒𝑥𝑥 , for the composite film with a fractional volume percentage of 50% under generalized
plane strain. (a) 𝜈𝑖𝑚𝑝 = 0.495, and (b) 𝜈𝑖𝑚𝑝 = 0.35. (c) Development of the surface wrinkles in the vicinity of a typical embedded
imperfection, and the variation of the stress contours, 𝜎𝑦𝑦 , near the imperfection. Note that the pink color shows the tensile regions,
and the blue color shows the compressive and zero stress regions. Note that all the images are magnified to various deformation
scales for better visualization.
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essentially no role in affecting wrinkling behavior for the two Poisson’s ratios considered.
It can be concluded that, in terms of material properties used for the imperfections, there is
a high degree of generality using the current methodology.
With the current approach, surface instability was initially triggered in the vicinity of the
embedded imperfections. Upon further straining, the perturbation propagates throughout
the entire film surface. Such phenomenon is associated with the disturbance of the stress
fields near the imperfection. As an example, a typical form of the formation and
progression of the wrinkles near an embedded imperfection is shown in Fig. 5.9(c)
(including the two-color 𝜎𝑦𝑦 stress contours) for the case of 50% P3HT:PCBM bilayer
film. Note that, for clarity purposes, only the tensile (pink color) and compressive (blue
color) regions are visually shown here in Fig. 5.9(c). As can be seen, from the very
beginning of the simulation, the stress disturbance can be recognized near the embedded
imperfection at the early stages of deformation. Upon reaching the critical strain,
𝑒⁄𝑒𝑐𝑟 = 1.0, localized wrinkles around the imperfection location can be discerned. Further
deformation leads to uniform wrinkles throughout the entire surface. The wrinkle
amplitude continues to increase with the applied compression.

5.3.2. Effects of imperfection distribution
In this section, the effects of various imperfection placements on the wrinkle formation are
investigated. From our extensive preliminary simulations, it was found that to trigger
surface instability, defining only one imperfection immediately below the film-substrate
interface will be sufficient. However, the induced wrinkling pattern may change depending
on the imperfection distribution.
Consider now the three models under direct compression in generalized plane strain with
the following film materials: 100% PEDOT:PSS single-layer film, 50% PEDOT:PSS –
50% P3HT:PCBM composite film, and 100% P3HT:PCBM single-layer film. In the case
of uniform imperfection distributions, the spacing between adjacent imperfections, 𝑆𝑖𝑚𝑝 ,
was systematically varied (or equivalently, the total number of imperfections distributed
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uniformly within the constant model width of 1000 m was varied). The simulated
wavelength, 𝜆, as a function of the imperfection spacing 𝑆𝑖𝑚𝑝 for the three material models
are shown in Fig. 5.10(a). As can be seen, for a wide range of imperfection spacing, the
simulated wrinkling wavelength tends to remain invariant. This stable value of wavelength
is expressed as 𝜆𝑠 (different for the three film materials). Note that the numerically
predicted 𝜆𝑠 also converges to the theoretical value expressed by Eq. (11) as illustrated in
Section 5.2.2. The wavelengths of the three materials obtained in Fig. 5.10(a) can be
normalized by their respective 𝜆𝑠 and plotted against the normalized imperfection spacing
𝑆𝑖𝑚𝑝 /𝜆𝑠 , as presented in Fig. 5.10(b). It is evident that the range of imperfection spacing
which generates the constant wavelength coincides for the three models, attesting to the
generality of the current approach. The imperfection spacing can be divided into three
regions I, II and III as labeled in Fig. 5.10(b). Region II (10 ≤ 𝑆𝑖𝑚𝑝 /𝜆𝑠 ≤ 55) is associated
𝜆

with the stable wavelength (𝜆 = 1), in which the wrinkling wavelength is invariant with
𝑠

respect to the imperfection distribution. The wrinkling configuration within this region is
sinusoidal and uniform throughout the model width, a typical case of which is shown in
Fig. 5.10(d).

In regions I and III defined in Fig. 5.10(b), the value 𝜆⁄𝜆𝑠 deviates from unity, and the
resulting wrinkle pattern may become qualitatively different from the ideal theoretical
form. In region III where 𝑆𝑖𝑚𝑝 /𝜆𝑠 > 55, the imperfection density is very low. Instability
emerges locally at the imperfection site and the wrinkles did not spread uniformly over the
model width. An example is shown in Fig. 5.10(c). In the cases of very high imperfection
densities (region I, with 𝑆𝑖𝑚𝑝 /𝜆𝑠 < 10 ), various uneven periodic wavy forms can be
obtained such as in Fig. 5.10(e). Fig. 5.10(f) is another example when 𝑆𝑖𝑚𝑝 /𝜆𝑠 ≤ 1, in
which a sinusoidal wave with the wavelength artificially controlled by the imperfection
spacing was observed.
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Aside from the uniform imperfection distributions presented above, another
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a

𝑺𝒊𝒎𝒑 (𝝁𝒎)

𝝀/𝝀𝒔

b

ΙΙ

ΙΙΙ

𝑺𝒊𝒎𝒑 /𝝀𝒔

c

d

e
f
Figure 5.10. (a) Variation of the wrinkle wavelength, 𝜆, with the uniform imperfection spacing, 𝑆𝑖𝑚𝑝 . (b) The curves in (a) normalized
by the value of stable wavelength, 𝜆𝑠 . (c) to (f) Typical wrinkling configurations obtained from the simulations for various uniform
imperfection distributions, for the models with a bilayer film. (c) Non-uniform/localized wave pattern (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 > 55) corresponds to
region III in (b). (d) Fully sinusoidal wave form independent of the imperfection distribution (10 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55) and corresponds to
69 spacing becoming smaller (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 < 10) corresponding to
region II in (b), (e) and (f) Complex wave patterns as the imperfection
region I in (b). Note that in (f) the uniform sinusoidal wave is fully controlled by the very dense imperfections (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 1). Various
displacement scaling factors were used in (c) to (f) for better visualization, and the images cover only a portion of the surface region.

(e)

Comprehensive set of simulations were carried out involving random imperfection
distributions. Only the main findings are reported here. Depending on the maximum and
minimum values of the imperfection spacing, 𝑆𝑖𝑚𝑝 , in a given model, the wrinkle pattern
can be uniform or non-uniform. The uniform sinusoidal waveform, converging to the
theoretical solutions, can only be generated when both the conditions 10 ≤ (𝑆𝑖𝑚𝑝 )𝑚𝑎𝑥 /
𝜆𝑠 ≤ 55 and 10 ≤ (𝑆𝑖𝑚𝑝 )𝑚𝑖𝑛 /𝜆𝑠 ≤ 55 are met. These conditions correlate well with the
range identified in the case of uniform imperfection distributions (region II in Fig. 5.10(b)).
For random imperfection distributions with the maximum or minimum 𝑆𝑖𝑚𝑝 beyond the
specified range, the wrinkle pattern will deviate from the theoretical form and can become
non-uniform and complex, with the actual configuration dictated by the placement of
imperfections. The present results, based on higher-order finite elements, are generally
consistent with those obtained previously using linear elements (Chapter 4), with the upper
limit of the 𝑆𝑖𝑚𝑝 /𝜆𝑠 ratio remaining at 55 and the lower limit being 10 instead of 6.
Another feature worthy of note is the possible edge effects when the imperfection density
is very high. Consider the model of 50% PEDOT:PSS – 50% P3HT:PCBM composite film
with a uniform imperfection distribution. A typical pattern obtained for the entire width of
the problem is shown in Fig. 5.11. for the case of 10 ≤ 𝑆𝑖𝑚𝑝 /𝜆𝑠 ≤ 55. The uniform
wrinkles near the edge (Fig. 5.11(a)) and in the middle section of the model domain (Fig.
5.11(b)) are exactly the same. Fig. 5.12 shows a representative case with a very high
imperfection density, 𝑆𝑖𝑚𝑝 /𝜆𝑠 < 10. It is evident that the wrinkling form near the model
edge (Fig. 5.12(a)) is very different from that in the middle section (Fig. 5.12(b)), with both
showing non-uniform patterns. The edge effects observed here can potentially appear in
the actual film-substrate system, depending on the nature of the pre-existing interfacial
defects. The results shown here serve to illustrate the robustness of the present numerical
approach in prediction spatial variations of the wrinkles.
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a

b

a
(a)

b
Figure 5.11. Typical wrinkling configurations on the entire surface region, obtained from the simulations for the
models with a bilayer film, and with the imperfection distributions satisfying the condition of 10 ≤ 𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 ≤ 55.
(a) Magnified portion of the film near the edge, (b) Magnified portion of the film in the middle section.

a

b

a
(a)

b
(b) Figure 5.12. Typical wrinkling configurations on the entire surface region, obtained from the simulations for
the models with a bilayer film, and with a very high imperfection density (𝑆𝑖𝑚𝑝 ⁄𝜆𝑠 < 10). (a) Magnified
portion of the film near the edge, (b) Magnified portion of the film in the middle section.
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5.4. Further illustration: multilayer films
The embedded imperfection approach considered in this study may be readily applied to
multilayer composite films. For proof of feasibility, we present here examples involving 25 layers of thin films above the same PDMS substrate, under direct compression in
generalized plane strain. The placement of film layers and their associated material
properties are listed in Table 1. For all the film layers, the same Poisson’s ratio of 0.35 is
chosen. The total film thickness is kept constant at 0.1 𝜇𝑚 in all the simulations, with equal
fractional volumes (identical thicknesses) for the film layers. The imperfection density is
kept within the valid range for uniform wrinkles once instability commences.

Table 1 | Elastic moduli used for the different film layers in the multilayer models.
Young’s Modulus, E (MPa)

Layer order

Three-layer

Four-layer

Five-layer

film

film

film

80,000

80,000

80,000

80,000

Layer 2

1,000

10,000

20,000

40,000

Layer 3

--

1,000

5,000

10,000

Layer 4

--

--

1,000

5,000

Layer 5

--

--

--

1,000

(top to bottom)

Two-layer film

Layer 1
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In all four cases uniform wrinkling can be successfully simulated once the critical strain is
reached, with a typical result shown in Fig. 5.13(a). Fig. 5.13(b) to 5.13(d) show the
localized views of the wrinkles for the cases of 2, 3, 4 and 5 film layers, respectively, when
the applied compressive strain 𝑒⁄𝑒𝑐𝑟 = 1.10. The colors represent the 𝜎𝑥𝑥 stress contours.
It can be seen that the composite film layers are under significant compressive stresses
while the stress magnitudes in the PDMS substrate are much smaller. In the “valley” region,
the top film layer (with the highest modulus) experiences the greatest compression while
the stresses in the lower layers are less compressive. On the other hand, the top layer in the
“peak” region is not the most compressive because the local bending-induced tensile strain
is superimposed on the overall compressive strain. In all cases, stress discontinuities across
the interfaces can be observed. The results illustrate that the present numerical approach is
able to predict surface instability and the evolution of wrinkles, in a straightforward manner,
for structures containing multilayer composite films.
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a

b

c

d

e

Figure 5.13. Deformed configurations and contour plots of 𝜎𝑥𝑥 (MPa) in the vicinity of the surface wrinkles,
corresponding to 𝑒⁄𝑒𝑐𝑟 =1.10 in all cases. (Deformations in all the images are magnified for better visualization).
(a) Typical wrinkling configuration and stress distribution, (b) two-layer composite film, (c) three-layer composite
film, (d) four-layer composite film, (e) five-layer composite film.
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5.5. Concluding remarks
A comprehensive numerical study was conducted for simulating surface instability in the
form of wrinkles, when a thin-film material is attached to a thick compliant substrate.
Attention is devoted to composite thin films with more than one film layer, using a finite
element-based approach with embedded imperfections at the film-substrate interface.
When the film is subject to compression, by compressing the structure directly or pulling
the structure in the transverse direction leading to indirect film compression, wrinkling can
be triggered once the compressive strain reaches a critical value. Using an organic
optoelectronic structure consisting of P3HT:PCBM and PEDOT:PSS thin films atop a
thick PDMS substrate as the model system, deformation from the pre-buckling to postbuckling stages can be numerically modeled in a straightforward manner without any
further special treatment. Throughout the entire range of fractional volume (thickness) ratio
of the two constituent films, the wrinkling wavelength, critical strain and amplitude under
plane-strain compression predicted by the modeling agree well with available theoretical
solutions. The theory, however, under-predicts the critical strain for instability because it
cannot account for the realistic generalized plane strain behavior, so the numerical
technique will have to be relied upon. When the imperfection density is outside of a certain
range, the numerical model predicts special forms of non-uniform wrinkles which cannot
be captured by the theory. The present numerical approach is also shown to be able simulate
wrinkling in the cases of composite films containing more than two layers.
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CHAPTER 6 PLANER DEFORMATION INSTABILITIES FROM
SURFACE WRINKLING TO GLOBAL BUCKLING

In this chapter, the embedded imperfection approach is expanded into a comprehensive
study of the effects of model dimensions and boundary condition, using only one embedded
imperfection as opposed to many imperfections used in previous chapters, to fully assess
the modeling capability. Most importantly, we illustrate that the formation of surface
wrinkles and overall structural buckles can both be predicted from a single numerical
implementation, and that concurrent wrinkling and buckling can actually occur and be
directly simulated. The main objectives of this study are thus to comprehensively study (1)
the periodic unit-cell approach based on placement of only one embedded imperfection and
(2) the “concurrent buckling-wrinkling” deformation instability mode in film-substrate
structures, to unveil the full potential of the modeling technique.

In the presentation below a numerical model description and verification is first provided,
which is followed by the systematic analyses of the effects of model width, substrate
thickness, boundary condition, and composite film layers. Discussions on the correlation
between the geometric conditions and instability modes, as well as how the deformation
increment size can influence the simulation result, are also included. This chapter is
essentially written in conformity with our findings presented in [113].
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6.1. Numerical model description: periodic unit-cell approach
Fig. 6.1 shows the modeling domain along with the boundary and loading conditions used
in the simulations. The model was constructed for systematically studying the effects of its
dimensions on the development of instabilities. The models were generated using eightnoded continuum quadrilateral elements and the mesh distribution is similar to Chapter 5.
The model domain may be viewed as a repetitive segment of a larger periodic system along
x-direction. As shown in Fig. 6.1, a symmetry boundary is considered on the left edge with
the x-direction displacement prohibited. The lower-left corner point is not allowed to move
in x and y. A uniform compressive displacement (in negative x) is imposed on the right
edge so it remains vertical during deformation[120]. In addition, rotations about the x- and
y-axes are not allowed under for the current generalized plane strain condition. The
embedded imperfection approach is used for triggering instabilities. In the present work, a
thorough investigation of model geometry from thick to thin substrates and from large to
small widths, are undertaken, to demonstrate the full capability of the numerical approach.
Furthermore, we aim to embed only one imperfection at the center of the interface, as
shown in Fig. 6.1, and capture the full modes of instabilities from local wrinkling to global
buckling in a seamless manner. Throughout the study the film’s thickness is kept constant
at 𝑡𝑓 = 0.1 𝜇𝑚, while the width (𝑤) and depth (𝐷) of the structure are systematically
varied. The width and depth ranges studied are summarized in Table 2, with the simulated
cases marked with an asterisk. Note that both w and D are expressed in terms of critical
wrinkling wavelength (Eq. (3), different values for different film materials), as will be
discussed further in the following sections. Unless otherwise stated, this scaling
representation is used throughout the chapter.
The same material systems as of discussed in Chapter 3 are considered for film and
substrate. In addition to the single-layer film, limited cases of composite (bilayer) films on
the PDMS substrate is also considered, with equal thicknesses of P3HT:PCBM (top layer)
and PEDOT:PSS (in contact with the substrate). Detailed information about the composite
film model will be given in the following sections.
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𝒕𝒔

Embedded Imperfection

Figure 6.1. Schematic of periodic unit-cell approach, including geometric parameters and boundary conditions
used for the simulations.

Table 2. The variation of depth and width considered for the numerical simulations.
𝐷
1𝜆

𝑤

2𝜆

4𝜆

5𝜆

10𝜆

20𝜆

50𝜆

80𝜆

100𝜆

120𝜆

1000 𝜇𝑚

2𝜆

*

5𝜆

*

10𝜆

*

*

*

*

*

*

*

*

*

*

*

20𝜆

*

*

*

*

*

*

*

*

*

*

*

40𝜆

*

*

*

*

*

*

*

*

*

*

*

80𝜆

*

110𝜆

*
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6.2. Model verification
Extensive preliminary simulations were conducted to establish mesh independence,
focusing on the formation of surface wrinkles, which is a more severe form of deformation
(than global buckling) and requires finer meshes. A typical wrinkling configuration is
shown in Fig. 6.2(a) using the 0.1 𝜇m-thick P3HT:PCBM film on the PDMS substrate,
with 𝐷 = 1000 𝜇𝑚 and 𝑤 = 110𝜆 (with 𝜆 equal to 5.5919 𝜇m). The model size is large
enough to represent a semi-infinite substrate, but only the top portion of the substrate in
shown. Note that in this figure and all the others showing wrinkles and/or buckles, a
deformation amplification factor is utilized for the post-processed images to make the wave
form more evident. Fig. 6.2(b) shows the variation of critical wrinkle wavelength with the
mesh density, represented by the number of elements per unit domain width. In addition to
the P3HT:PCBM film, the result of the single-layer PEDOT:PSS film is also included. The
figure also includes horizontal lines which are analytical solutions based on Eq. (3). The
numerical results converge to theoretical solutions in both cases providing that the mesh is
sufficiently fine. Fig. 6.2(c) shows the evolution of the amplitude as a function of the
applied compressive strain. Here the finest mesh size presented in Fig. 6.2(b) was used,
and the amplitude is normalized by the critical strain value. Fig. 6.2(c) also includes the
theoretical solution, Eq. (15), which does not depend on the film material. The wrinkle
amplitude stays as zero until the critical point; at the onset of instability the amplitude starts
to increase. The numerical results match the analytical solution very well. Note that there
is no cumbersome multi-step process involved in the simulations. The formation of
wrinkles and their subsequent evolution can be obtained in a straightforward manner.
All numerical results in the remainder of this chapter are obtained with the finest mesh size
reported in Fig. 6.2(b). Also, across the film thickness there are at least four uniform layers
of elements. Depending on the depth of the problem domain (substrate thickness), adapted
mesh distribution with finer elements near the film interface is employed in the substrate.
In all cases only one embedded imperfection is placed at the center of the film-substrate
interface (see Section 6.1).
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Figure 6.2. (a) A simulated wrinkling configuration used for the verification study, with 𝐷 = 1000 𝜇𝑚 and
𝑤 = 110𝜆 (this image pertains to the result of the finest mesh). (b) The wrinkling wavelength (𝜆𝑐𝑟 ) as a
function of mesh density. (c) The wrinkling amplitude (A) as a function of normalized applied strain (𝑒/𝑒𝑐𝑟 ).
Theoretical solutions are also included in the presentation.

6.3. Surface wrinkling: Effects of domain width
The model geometry used for the results in Section 6.2 has the greatest width and depth
studied in this chapter, i.e., the bottom case in the right-most column in Table 2. In this
section, we explore surface wrinkle formation by moving up the column with decreasing
widths while keeping 𝐷 = 1000 𝜇𝑚. The choice of the greatest width in this study, 110λ,
is worthy of elaboration. It is based on our prior finding (Chapters 4 and 5) that, if more
than one imperfection are to be included in the model, their maximum spacing, when
normalized by the wavelength, should not be greater than 55 in order to generate uniform
80

sinusoidal wrinkles conforming to the theoretical solution. As a consequence, to include
only one central imperfection in the present study for making the model a “representative
volume element,” a total width of 110λ (55λ on each side of the imperfection) is the
maximum allowed. The numerical result in Section 6.2 illustrated that this choice works
very well as the starting model width.

a
(𝝁𝒎)

b

c

Figure 6.3. Variation of the simulated (a) critical wrinkling wavelength (𝜆𝑐𝑟 ), and (b) critical wrinkling strain value
(𝑒𝑐𝑟 ) with the domain width, with the width normalized by the theoretical critical wrinkling wavelength value (𝑤/𝜆).
(c) The normalized wrinkling amplitude (𝐴/𝑡𝑓 ) as a function of normalized applied strain (𝑒/𝑒𝑐𝑟 ), for different widths
and film properties. Theoretical solutions are also included in the presentation.
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Fig. 6.3(a) and 6.3(b) show the simulated critical wrinkle wavelength and the critical strain
to trigger wrinkles, respectively, as a function of the domain width normalized by the
theoretical wavelength, for the cases of single-layer films of P3HT:PCBM and
PEDOT:PSS. For comparison the theoretical values are also shown. As can be seen, the
numerically calculated wavelength and critical strain are both essentially independent of
the domain width. The wrinkling wavelength matches the theoretical value. However, the
simulated critical strain values are higher than the analytical solutions for both film
materials. Recall that the theories pertain to the plane strain (PE) assumption but the more
realistic condition, namely generalized plane strain (GPE), is incorporated in the
simulations. While the GPE prediction of wavelength is the same as PE, GPE allows the
Poisson expansion in the z-direction when the model is compressed in the x-direction,
which prolongs the pre-instability (flat) deformation. As a consequence, the critical strain
for instability becomes higher. Note that if PE is used in the numerical modeling, the
predicted critical strain also agrees with the analytical solutions (Chapter 5).
Fig. 6.3(c) presents the surface wrinkling amplitude as a function of the applied strain, for
the two film materials with various domain widths. In the figure the normalized amplitude
(by the film thickness) and the normalized applied strain (by the numerically obtained
critical value) are used. It is evident that the numerical response is generally insensitive to
the domain width, and thus all curves are close to the theoretical one. However, there is a
subtle effect when the applied strain approaches the critical point as illustrated in the insets
in Fig. 6.3(c). For models with a very small width, the triggering of instability appears to
be more gradual rather than abrupt. This is due to the close distance between the
imperfection and the domain edge. Since wrinkling always starts from the small
disturbance around the imperfection shortly before the critical strain is reached, the wavy
feature thus easily spread through the entire width of a small model, leading to an apparent
early start of the instability. Nevertheless, the evolving wrinkle amplitude soon merges into
the same response as of all the other cases.
The results presented above suggest that one does not need a very wide simulation domain
to obtain the wrinkling behavior. A small model can adequately yield reliable wrinkling
parameters using the current approach.
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6.4. Effects of domain depth
Attention is now turned to the effects of model depth D, with reference to the problem
domain shown in Fig. 6.1. Numerous models were generated for a comprehensive study of
depth dependency of instabilities in the film/substrate system. Here three different widths
are considered: 𝑤 = 10𝜆, 20𝜆, and 40𝜆, and the depth is varied from the thickest of D =
1000 𝜇m to as thin as D = 1𝜆 as seen in Table 2, the middle three rows. Since the film

a

b

Figure 6.4. The normalized wrinkling amplitude (𝐴/𝑡𝑓 ) as a function of normalized applied strain (𝑒/𝑒𝑐𝑟 ), for
the width of w=40λ and domain depth sizes of 𝐷 ≥ 5𝜆. The film materials considered are (a) P3HT:PCBM, and
(b) PEDOT:PSS. Theoretical solutions are also included in the presentation.
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thickness is fixed at 0.1 𝜇m in this study, the variation of D is entirely determined by
substrate thickness.

(𝝁𝒎)

a

b

Figure 6.5. Variations of (a) critical wrinkling wavelength (𝜆𝑐𝑟 ), and (b) critical wrinkling strain (𝑒𝑐𝑟 ) with the
normalized domain depth (𝐷/𝜆), for the cases of 𝐷 ≥ 4𝜆 and w = 40λ. Results for the P3HT:PCBM film and PEDOT:PSS
film are included. Theoretical solutions are also included in the presentation.
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Consider first the case of 𝑤 = 40𝜆. It was observed from all the simulation results that for
the depth sizes of 𝐷 ≥ 5𝜆, uniform surface wrinkles will form. In Fig. 6.4, the numerically
obtained surface wrinkling amplitude is plotted against the applied strain, for the depth
range of 𝐷 ≥ 5𝜆. In the presentation the amplitude is normalized by film thickness, and
the applied strain is normalized by the critical value. The two cases of single-layer
P3HT:PCBM film (Fig. 6.4(a)) and PEDOT:PSS film (Fig. 6.4(b)) are considered. The
analytical solution, Eq. (15), is also incorporated in the figure. It can be seen that, as the
domain depth decreases, the simulated amplitude deviates from the theoretical response
and becomes slightly higher. The difference, however, is very small within the strain range
𝑒

of 𝑒

𝑐𝑟

≤ 1.20.

Figs. 6.5(a)and 6.5(b) show the simulated critical wrinkling wavelength and critical strain,
respectively, as a function of the domain depth normalized by the analytical wavelength.
The range of domain depth considered is above 4𝜆. The theoretical values are plotted as
the horizontal lines. The critical wavelength, Fig. 6.5(a), remains constant and matches the
theoretical values well for both the two cases of film materials. As for the critical strain,
Fig. 6.5(b), the simulation results are higher than the plane-strain theoretical values for
reasons discussed in Section 6.3. The predicted critical strain shows a small reduction as
the depth becomes small. Note that this slight reduction of critical wrinkling strain can also
be seen by carefully examining the several numerical datapoints reported in other earlier
studies[1, 20].
As mentioned above, we observed that local wrinkling occurs when the domain depth 𝐷 ≥
5𝜆. Although at 5𝜆 the depth is drastically reduced from the greater values in the righthand part of Table 2, the substrate is still sufficiently “thick” so surface wrinkling is the
only form of instability that can occur. (Take the P3HT:PCBM thin film for instance, at
𝐷 = 5𝜆 the ratio of 𝑡𝑠 ⁄𝑡𝑓 is still approximately 280. At 𝑤 = 40𝜆, the aspect ratio of the
entire structure, 𝑤 ⁄𝐷, is 8.) A typical form of surface wrinkles for the cases of 𝑤 = 40𝜆
and 𝐷 ≥ 5𝜆 is shown in Fig. 6.6(a). For clarity the image only includes the P3HT:PCBM
film and the very top portion of the PDMS substrate. As the depth is reduced to 4𝜆, a
different form of instability appears: local wrinkling in conjunction with global buckling
as shown in Fig. 6.6(b). The slender overall geometry (𝑤 ⁄𝐷 = 10) now triggers buckling.
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Fig. 6.6(b) clearly illustrates that local wrinkling and global buckling are not mutually
exclusive.
With further reductions of depth to 𝐷 ≤ 2𝜆, surface wrinkles cease to exist, and global
buckling becomes the only form of instability observed, as shown in Fig. 6.6(c) for 𝐷 =
2𝜆 and in Fig. 6.6(d) for 𝐷 = 𝜆. The occurrence of global buckling shows consistency with
the theories. Consider for example the case of 𝑤 = 40𝜆 and 𝐷 = 2𝜆 with the P3HT:PCBM
film. The theoretical critical width, calculated from Eq. (19), is 𝑤𝑐𝑟 = 132.15 𝜇𝑚. With
𝑤 = 40𝜆 = 223.67𝜇𝑚 > 𝑤𝑐𝑟 , the global buckling condition is satisfied. Fig. 6.6(e) shows
the variation of the normalized global buckling amplitude as a function of the applied
strain, in the case of P3HT:PCBM film with 𝑤 = 40𝜆 and 𝐷 = 2𝜆. The significance of
Fig. 6.6(e) is that, in addition to local wrinkling, global buckling can also be directly
simulated with the current embedded imperfection technique. The pre-buckle stage (regular
compression), onset of global buckling, and post-buckle behavior can all be implemented
in a single analysis step in a straightforward manner. In Fig. 6.6(e) numerical results based
on both GPE and PE conditions are included, as well as the theoretical critical buckling
strain (a single value), Eq. (6). As can be seen, the simulated onset of buckling (under PE
condition) coincide with the theoretical critical buckling strain. The GPE condition results
in a delayed critical state, similar to the case of local wrinkling discussed previously.

The coexistence of local surface wrinkling and global buckling found when the depth is
within the range 2𝜆 < 𝐷 < 5𝜆 for 𝑤 = 40𝜆 , as revealed in Fig. 6.6(b) for the case of
P3HT:PCBM model with 𝐷 = 4𝜆, deserves further discussion. The formation of surface
wrinkles starts first, with the wavelength and critical strain shown in Fig. 6.5(a)and 6.5(b),
respectively. These numerical values follow the same trend as those of thicker substrates.
With further straining in this case, however, an overall buckled shape starts to emerge while
the uniform wrinkles remain in place. The existence of such transitional behavior, between
pure local wrinkling and pure global buckling, was not taken into account in typical
analytical considerations[1, 40] and has not been captured by other numerical means. It is
worthy of examining this behavior in more detail. In the case of 𝑤 = 40𝜆 and 𝐷 = 4𝜆 with
the P3HT:PCBM film, the theoretical critical width differentiating local wrinkling and
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global buckling, according to Eq. (19), is 𝑤𝑐𝑟 = 393.99 𝜇𝑚 . Here, 𝑤 = 40𝜆 =
223.67 𝜇𝑚 and therefore 𝑤 < 𝑤𝑐𝑟 . Based on Ref.[1], local wrinkling is the stable form of
instability under the given conditions. In another recent analytical study taking into account
the effects of finite substrate thickness[40], the critical condition separating global buckling
and local wrinkling was established and shown in a graphical form. The graphical
presentation suggests that the current numerical case is near the boundary between the local
wrinkling and global buckling regimes. Our numerical modeling result points to the likely
scenario that wrinkling and buckling can co-exist in this near-borderline case. Further
discussion about this transitional feature is provided in Section 6.5 below.
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Figure 6.6. (a)-(d) Schematics showing the numerically obtained instability modes for 𝑤 = 40𝜆, and (a) 𝐷 ≥ 5𝜆,
(b) 𝐷 = 4𝜆, (c) 𝐷 = 2𝜆, (d) 𝐷 = 𝜆, in the case of P3HT:PCBM film. (e) Variation of the normalized global buckling
88 the GPE and PE simulation response. The theoretical
amplitude with applied strain, associated with (c) and including
global buckling critical strain value (plane strain) is also included for comparison.

6.5. Effects of displacement constraint at the bottom boundary
In all the numerical simulations presented thus far, the bottom boundary of the substrate
remains unconstrained (Fig. 6.1). An alternative treatment is to apply the “roller” boundary
condition at the bottom, so displacement in the y-direction is prohibited but free tangential
slide along the x-direction is allowed. One can expect that global buckling will be
suppressed even for very thin substrates. The primary purpose of applying this boundary
condition is to explore if and how the surface wrinkle features will be affected, compared
to the traction-free condition.
Consider again the case of P3HT:PCBM film with the problem geometry of 𝑤 = 40𝜆 and
𝐷 = 4𝜆. As presented in Fig. 6.6(b), this model shows the transitional instability with both
local wrinkling and global buckling, when the bottom boundary is unconstrained. Fig.
6.7(a) shows the normalized wrinkle amplitude as a function of normalized compressive
strain, for the cases with and without the roller boundary condition. The theoretical
response is also included. The deformed configurations for the two cases at various applied
strains are shown in Fig. 6.7(b). When the bottom boundary is not constrained, the surface
wrinkles start to develop when the strain reaches the critical value. It can be seen in Fig.
6.7(a) that the initial evolution of amplitude agrees well with the theoretical prediction.
However, global buckling soon commences which also affects the wrinkle pattern. Since
the plotted amplitude in Fig. 6.7(a) is based on the right-most wrinkle adjacent to the
boundary, its diminishing amplitude is visible (left column of Fig. 6.7(b)) and is also
manifested in the anomalous amplitude drop in Fig. 6.7(a). With the imposed roller
boundary condition along the bottom, uniform surface wrinkles, once formed, remain in
place (right column of Fig. 6.7(b)) and the increase in amplitude stays close to the theory
(Fig. 6.7(a)).
A full set of numerical simulations was performed using the various domain depths and
widths (as shown in Table 2). To conserve space only the results for the fixed width 𝑤 =
40𝜆 in the case of P3HT:PCBM film is presented here. Figs. 6.8(a) and 6.8(b) show the
simulated critical wrinkle wavelength and critical wrinkling strain, respectively, as a
function of the domain depth (normalized by the theoretical wavelength). The theoretical
values are also included as horizontal lines. As evidenced in the figures, constraining the
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Without the roller BC.

With the roller BC.

𝑒⁄𝑒𝑐𝑟 = 0.9

𝑒⁄𝑒𝑐𝑟 = 1.0

𝑒⁄𝑒𝑐𝑟 = 1.03

𝑒⁄𝑒𝑐𝑟 = 1.14

Figure 6.7. Numerically obtained mechanical response of the P3HT:PCBM film on the PDMS substrate, with 𝑤 = 40𝜆 and 𝐷 = 4𝜆. (a)
Normalized wrinkling amplitude (𝐴/𝑡𝑓 ) as a function of normalized applied strain (𝑒/𝑒𝑐𝑟 ), including the theoretical response. (b) Deformed
configurations for the two cases of with and without the roller boundary condition at various applied strains near the onset of instability.

bottom boundary by prohibiting the y-displacement results in the same critical wavelengths
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and critical strains as the unconstrained boundary. The numerical simulations yield a higher
critical strain compared to the theoretical plane-strain solution, as mentioned previously.
The evolution of the normalized wrinkling amplitude in response to the normalized applied
strain, using the constrained bottom boundary for all the domain depths considered, are
shown in Fig. 6.8(c). Also included is the theoretical response based on Eq. (15). By
comparing Fig. 6.8(c) with Fig. 6.4(a), the amplitude is seen to also follow the same trend
as the domain depth becomes smaller. In fact, the difference caused by the bottom
boundary constraint on the wrinkling amplitude is negligible.

Overall, the results presented in Fig. 6.8 illustrates that, for the depth range of 𝐷 ≥ 5𝜆,
surface wrinkles form and the wrinkle configurations for both the constrained and
unconstrained boundary conditions are essentially identical. For the depth range of 𝐷 < 5𝜆
(down to the smallest case considered, 𝐷 = 1𝜆), the roller boundary condition suppresses
global buckling and leads to the formation of surface wrinkles, and the wrinkling features
are nearly identical to those of the thicker substrate without any bottom constraint. As a
consequence, for the purpose of simulating surface wrinkling, one is able to use a much
thinner model combined with the roller boundary condition to represent the thick geometry,
thus significantly reducing the computation demand.
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Figure 6.8. Effects of the applied boundary condition at the bottom of the substrate on the wrinkling parameters. (a) Simulated critical
wrinkling wavelength (𝜆𝑐𝑟 ), and (b) critical wrinkling strain (𝑒𝑐𝑟 ) as a function of normalized domain depth (𝐷/𝜆). (c) Variation of the
normalized wrinkling amplitude (𝐴/𝑡𝑓 ) with normalized applied strain (𝑒/𝑒𝑐𝑟 ), with the roller boundary condition applied. The results pertain
to the cases of 𝑤 = 40𝜆, 𝐷 ≥ 𝜆, and the film material of P3HT:PCBM. Theoretical solutions are also included in the presentation.
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6.6. Bilayer composite films
The wrinkling deformation instability of a bilayer film stack above a very thick substrate
has been comprehensively analyzed in Chapter 5. The problem domain was large, and
many imperfections were distributed along the film-substrate interface for achieving a
uniform wrinkle pattern. In this section, we present composite film results for a fixed
domain width using only one imperfection and examine the instabilities resulting from
various domain depths. Therefore, global buckling is now a possibility when the substrate
thickness is sufficiently reduced.
The overview of the theories on surface wrinkling in the multilayer film structures was
presented in Chapter 2, focusing on the case of bilayer film where wrinkling occurs in
tandem[74]; these analytical solutions are used here in this section for comparison.
The simulation results are now presented, based on the model depicted in Fig. 6.1 but with
the thin film consisting of two materials, with the upper layer being P3HT:PCBM and the
lower layer adjacent to the PDMS substrate being PEDOT:PSS. The bottom boundary of
the substrate is unconstrained. The total film thickness is fixed at 𝑡𝑓 = 0.1 𝜇𝑚, and an
equal thickness percentage of 50% is considered for each film material (which is equivalent
to the sub-layer thickness of 𝑡𝑓1 = 𝑡𝑓2 = 0.05 𝜇𝑚 ). Following the same procedure in
Section 6.4 for the case of single-layer film, various models with the dimensions of 𝑤 =
40𝜆̅ and 1𝜆̅ ≤ 𝐷 ≤ 120𝜆̅ are considered for the numerical simulations. Only the salient
results are presented below.
Fig. 6.9(a) shows the evolution of wrinkle amplitude as the applied strain progresses, for
three different domain depths. The theoretical response included in the figure is based on
Eq. (15). Figs. 6.9(b) to 6.9(e) show the representative deformed configurations for the
depths of 𝐷 ≥ 5𝜆̅ , 𝐷 = 4𝜆̅ , 𝐷 = 2𝜆̅ , and 𝐷 = 𝜆̅ , respectively. Fig. 6.9(a) reveals that,
similar to the single-layer film scenario, a thinner substrate results in slightly greater
amplitudes. The anomaly displayed by the case 𝐷 = 4𝜆̅ is again due to global buckling, in
that surface wrinkles near the edges start to diminish once the central portion of the
structure starts to buckle downward (Fig. 6.9(c)). This geometry also signifies the
transitional instability where local wrinkling and global buckling co-develop. With a
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thicker substrate, Fig. 6.9(b), only uniform surface wrinkles can be observed. For thinner
substrates such as in Fig. 6.9(d) and 6.9(e), surface wrinkles are no longer present and
global buckling governs the deformation. The analyses of bilayer composite films
presented in this section demonstrate the generality of the geometric conditions in dictating
the dominant mode of instability.
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Figure 6.9. Simulation results for the case with bilayer films, with the width of 𝑤 = 40𝜆̅ and various depths. (a)
Variation of the normalized wrinkling amplitude (𝐴̅/𝑡𝑓 ) with normalized applied strain (𝑒/𝑒̅𝑐𝑟 ), along with the theoretical
response. (b)-(e) Numerically obtained instability modes for the domain depths of (b) 𝐷 ≥ 5𝜆̅, (c) 𝐷 = 4𝜆̅, (d) 𝐷 = 2𝜆̅,
(e) 𝐷 = 𝜆̅.
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6.7. Further discussions
6.7.1. Summary of instability modes
In the previous sections we presented extensive simulation results, all using one
imperfection at the center of the film-substrate interface. This numerical approach offers a
robust means to directly trigger instabilities. In response to the applied compression, the
pre-instability deformation and post-instability deformation can both be directly obtained
from a single modeling process. Fig. 6.10 is a compilation of representative configurations
showing the different forms of instabilities for the combinations of three domain widths
and three domain depths considered in Sections 6.3 and 6.4. Although the total of nine
cases in the figure is only a small subset of what was investigated (Table 2), they cover the
range of width and depth which gives rise to all three forms of instabilities – surface
wrinkling, global buckling, and transitional response between the two. The case of
P3HT:PCBM film is used for the images in Fig. 6.10; similar appearances were also
obtained for the PEDOT:PSS film.
It can be seen that a shorter (smaller w) and thicker (greater D) geometry results in the
formation of pure surface wrinkles (upper-right region in Fig. 6.10). A longer (greater w)
and thinner (smaller D) geometry favors pure global buckling (lower-left region in Fig.
6.10). The combination of w and D along the diagonal (upper-left to lower-right) shows
the transition pattern where local wrinkles and global buckle co-exist. It is worth pointing
out that these transitional cases all correspond to the relation of

𝑤
𝐷

𝑁𝜆

= (𝑁⁄10)𝜆 = 10 with N

being an integer, which serves as a rough boundary separating the local wrinklingdominant and global buckling-dominant regimes.
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𝐷 = 2𝜆

𝐷 = 1𝜆

𝑊 = 10𝜆

𝑊 = 20𝜆

𝑊 = 40𝜆

Figure 6.10. Various forms of numerically simulated instabilities resulting from the different domain widths and depths.
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𝐷 = 4𝜆

6.7.2. Surface wrinkling in small models
The effects of domain width (w) and depth (D) were presented in Sections 6.3 and 6.4,
respectively. In both sets of analyses, the current embedded imperfection approach was
found to remain effective when w and D are reduced to very small values. However, in
these sections the varying w (or D) was studied under large values of D (or w). Here we
present the result when both w and D are small, namely 𝑤 = 2𝜆 and 𝐷 = 1𝜆. Attention is
devoted to surface wrinkles, and the bottom of the substrate is subject to the constrained
roller boundary condition. Fig. 6.11 shows the evolution of normalized wrinkle amplitude
as a function of normalized applied strain. The figure includes both the cases of
P3HT:PCBM single-layer film and PEDOT:PSS single-layer film. The finite element
model in its entirety, after wrinkle formation, is shown as an inset. Note that this is an
extremely small model, but it still gives rise to expected wrinkling features over a wide
span of applied strain well beyond the critical point.
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Figure 6.11 Variation of the normalized wrinkling amplitude (𝐴/𝑡𝑓 ) with normalized applied strain (𝑒/𝑒𝑐𝑟 ), obtained for
small models with 𝑤 = 2𝜆 and 𝐷 = 1𝜆, for the two different single-layer films. Theoretical response is also included in the
presentation. The substrate bottom is subject to the roller boundary condition. The deformed configuration for the case of
P3HT:PCBM film at 𝑒/𝑒𝑐𝑟 =12.0 (including the finite element meshes) is shown in the inset.
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6.7.3. Effects of displacement increment
The present study involves only isotropic linear elasticity. However, the static
computational analysis takes into account geometric nonlinearity and the result is sensitive
to the “time step” specified in the simulations. In the current context, “time step” is actually
the displacement (or strain) increment. All the results presented thus far pertains to the
sufficiently small increment which yields the “converged” deformation response. In this
section we provide examples on how larger displacement increments may lead to different
instability behavior.
Consider first the PEDOT:PSS thin film above a thick PDMS substrate, with 𝑤 = 2𝜆 and
𝐷 = 1000 𝜇𝑚 . Several displacement increments are considered within the range of
0.0001 𝜇𝑚 ≤ ∆𝑢 ≤ 0.1 𝜇𝑚, with otherwise identical simulation settings. (The equivalent
strain increment range is 1.38 × 10−5 ≤ ∆𝑒 ≤ 0.0138.) Fig. 6.12(a) presents the variation
of normalized surface wrinkle amplitude with the applied displacement, obtained under the
various displacement increments specified in the simulations. As can be seen, larger
displacement increments cause different critical points and wrinkle sizes. For the two cases
of smallest displacement increments considered (∆𝑢 = 0.0001 𝜇𝑚 and ∆𝑢 = 0.001 𝜇𝑚),
the numerical responses match fully. The wrinkle pattern associated with these two cases
is shown in Fig. 6.12(b), which also matches the analytical solution. The wrinkle patterns
for the cases of ∆𝑢 = 0.01, 0.05, and 0.1 𝜇𝑚 are plotted in Fig. 6.12(c), 6.12(d) and
6.12(e), respectively. They all display smaller wavelengths and amplitudes. As a
consequence, when applying the embedded imperfection approach, one should pay
attention to the potential effects of the incremental size of the applied displacement.
Once wrinkles develop, their wavelength will become shorter as the applied compression
increases. Fig. 6.12(f) shows the evolution of wavelength as the applied compressive strain
increases, for the various displacement increments considered. The theoretical response
based on Eq. (7) is also included. A larger displacement increment is seen to result in a
smaller wavelength right from the start. With sufficiently small increments ( ∆𝑢 =
0.0001 𝜇𝑚 and ∆𝑢 = 0.001 𝜇𝑚), converged behavior is observed, and the initial (critical)
wavelength matches the initial theoretical value. When the applied strain becomes very
large (well beyond the critical point), the converged numerical solution falls slightly below
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the theoretical response, but the difference is small. Both the numerical and theoretical
responses are linear; the slightly different slopes between the two cases may be attributed
to the generalized plane-strain vs. plane-strain conditions.

The sensitivity of the numerical results to the specified displacement increment during the
simulation is not limited to the surface wrinkling instability. In cases where the substrate
is thin, global buckling was also found to be affected if the displacement increment is not
sufficiently small. For instance, surface wrinkles may become dominant with larger
displacement increments while the converged form of instability, under sufficiently small
increments, is global buckle. Furthermore, the range of geometrical conditions under which
concurrent surface wrinkling and global wrinkling develop was also found to be affected
by the displacement increment used in the simulations. In what follows, we show an
example where global buckling under small displacement increments become surface
wrinkling when using a larger increment, and discuss their difference in terms of the
evolution of internal stress field.
The case under consideration is P3HT:PCBM film with 𝑤 = 40𝜆 and 𝐷 = 2𝜆. With a
sufficiently small displacement increment ( ∆𝑢 = 0.001 𝜇𝑚 ) the converged form of
instability is global buckling, as presented in Fig. 6.6(c) and Fig. 6.10 (bottom of the middle
column). The progression of deformation at various compressive strains (e) is shown in
Fig. 6.13, along with the contours of stress component 𝜎𝑦𝑦 . If the displacement increment
of ∆𝑢 = 0.01 𝜇𝑚 is used instead, a transitional behavior is then observed with surface
wrinkles developed first followed by global buckling as shown in Fig. 6.14. The stress
component 𝜎𝑦𝑦 is chosen for Figs. 6.13 and 6.14 because both wrinkling and buckling
involve deformation along the y-direction, and the 𝜎𝑦𝑦 contour plot was found to be able
to differentiate the two forms of instabilities better than the other stress and strain
components. In the figures the pink color and blue color represent the tensile and
compressive regions, respectively, with their boundary being the zero stress.
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Figure 6.12. Effects of displacement increment on the surface wrinkling parameters for the model of
PEDOT:PSS film with 𝑤 = 2𝜆 and 𝐷 = 1000 𝜇𝑚. (a) Variation of the normalized wrinkling amplitude
( 𝐴/𝑡𝑓 ) with the applied displacement (𝑢𝑥 ) under various displacement increments. (b)-(e) The
numerically obtained wrinkle patterns for the various displacement increments of (b) ∆𝑢 = 0.0001 m
and 0.001 m, (c) ∆𝑢 = 0.01 m, (d) ∆𝑢 = 0.05 m, and (e) ∆𝑢 = 0.1 m (for better visualization a
displacement scaling factor of 2 is used). (f )Variation of the wrinkling wavelength with normalized applied
strain (𝑒/𝑒𝑐𝑟 ), under various displacement increments.
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As can be seen, at the very beginning before the instability strain is reached, tensile regions
emerge and grow in the vicinity of the imperfection. Up to the applied strain level of 𝑒 =
0.0015 , the stress contours are exactly the same in Figs. 6.13 and 6.14. Further
compressive straining leads to completely different instability patterns and stress
distributions. For a sufficiently small displacement increment as ∆𝑢 = 0.001 𝜇𝑚 (Fig.
6.13), the tensile regions on the two sides of the imperfection continue to expand
contiguously which is associated with the gradual formation of one large buckle. When
∆𝑢 = 0.01 𝜇𝑚 (Fig. 6.14), the increment size appears to be too large to be accommodated
by smoothly expanding the tensile region and thus multiple small tensile “bumps” are
formed. These surface bumps continue to grow as the applied compression increases, and
later become wrinkles. However, the tendency to form buckles still exists, which eventually
leads to local wrinkles on top of global buckles as seen when 𝑒 = 0.0037 and 0.0040.
Note that in this case of coexisting wrinkles and buckles, the simulated critical wrinkling
strain and wrinkle wavelength are still in agreement with the theoretical solutions.
It is worth emphasizing that the example given above does not imply that the transitional
wrinkling-buckling behavior is just a pattern caused by larger displacement increments.
All of the results presented in this chapter before this section (6.7.3) conform to the
converged instability patterns under sufficiently small increments. As clearly illustrated in
Sections 6.4, 6.5 and 6.7.1, local surface wrinkling, global buckling, and concurrent
wrinkling-buckling are all possible outcomes depending on the combination of materials
and geometry.
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𝐸𝑚𝑏𝑒𝑑𝑑𝑒𝑑 𝑖𝑚𝑝𝑒𝑟𝑓𝑒𝑐𝑡𝑖𝑜𝑛

𝑒 = 0.0

𝑒 = 0.0010

𝑒 = 0.0015

𝑒 = 0.001555

𝑒 = 0.001563

𝑒 = 0.0016

𝑒 = 0.0020

𝑒 = 0.0025

𝑒 = 0.0040

Figure 6.13. Progression of deformation at various compressive strains (e) for the problem of P3HT:PCBM film with 𝑤 = 40𝜆 and
𝐷 = 2𝜆, under a sufficiently small displacement increment (∆𝑢 = 0.001 𝜇𝑚). The pink and blue colors represent, respectively, the
tensile and compressive yy stress fields (in MPa).
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𝐸𝑚𝑏𝑒𝑑𝑑𝑒𝑑 𝑖𝑚𝑝𝑒𝑟𝑓𝑒𝑐𝑡𝑖𝑜𝑛

𝑒 = 0.0

𝑒 = 0.0010

𝑒 = 0.0015

𝑒 = 0.0016

𝑒 = 0.0020

𝑒 = 0.0025

𝑒 = 0.0030

𝑒 = 0.00347

𝑒 = 𝑒𝑐𝑟 = 0.00359

𝑒 = 0.00362

𝑒 = 0.0037

𝑒 = 0.0040

Figure 6.14. Progression of deformation at various compressive strains (e) for the problem of P3HT:PCBM film with 𝑤 = 40𝜆
and 𝐷 = 2𝜆, under the displacement increment of ∆𝑢 = 0.01 𝜇𝑚. The pink and blue colors represent, respectively, the tensile
and compressive yy stress fields (in MPa).
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6.7.4. Effects of imperfection size
It has been shown in Chapters 4 and 5 that there is a high level of generality with the
embedded imperfection approach, and the solutions are invariant over a wide range of
imperfection properties and spatial distributions. In the present work the periodic unit-cell
approach based on placement of only one imperfection in the middle of film-substrate
interface is proposed, which essentially eliminates the imperfection distribution
dependency of the solutions. The effects of imperfection size are also studied and briefly
discussed here. Note that the imperfection size refers to its vertical span (height) since its
horizonal span is dictated by the converged finite element mesh size. Here we consider the
P3HT:PCBM film with 𝑤 = 40𝜆 and 𝐷 = 10𝜆, with a wide range of imperfection size
from one-tenth to four times the film thickness. The numerical results are summarized in
Fig. 6.15. In general, an imperfection size greater than two times the film thickness leads
to localized (non-uniform) wrinkles near the imperfection location; however, theoretically
verified uniform waves were seen at locations away from the imperfection. For the
imperfection size greater than one-tenth and smaller than two times the film thickness, the
simulated wrinkling results were independent of the imperfection size. If the imperfection
size becomes as large as four times the film thickness, deviation of the simulated wrinkling
amplitude starts to show as seen from Fig. 6.15. The numerical results are essentially
imperfection-size insensitive within a wide range of imperfection size. It should be
mentioned that the imperfection size was fixed at 0.5tf in all the other simulations presented
in this work.
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Figure 6.15. Variation of the normalized wrinkling amplitude (𝐴/𝑡𝑓 ) with the applied compressive strain (𝑒𝑥𝑥 ) with
various imperfection sizes, for the P3HT:PCBM/PDMS model geometry of 𝑤 = 40𝜆 and 𝐷 = 10𝜆 , under a
sufficiently small displacement increment (∆𝑢 = 0.001 𝜇𝑚). The inset shows the zoomed-in region around the
bifurcation point.
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6.8. Concluding remarks
The occurrence of instabilities in structures composed of a compliant substrate material
with a thin film on top is studied numerically. Wrinkling of the thin film can be induced
when the compressive strain attains a critical magnitude. Global buckling may also be
triggered if the substrate is sufficiently thin compared to the specimen width. The current
finite element-based computational approach utilizes an embedded imperfection in the
model at the film-substrate interface. With no other special treatment of the model, the
entire deformation history from pre-instability to post-instability can be numerically
simulated in a straightforward fashion. Over an extensive span of width and depth of the
problem domain, the wrinkling features including wavelength, amplitude and critical strain
were numerically characterized and compared with analytical solutions. Certain instability
features such as critical strain cannot be accurately predicted by the theory due to the
deviation from the strict plane strain behavior, but can be easily captured by the numerical
model. For the purpose of simulating surface wrinkles in a thick structure, a very small
model with a thin substrate is capable of generating accurate simulation results when a
vertically constrained condition is applied to the bottom boundary of the substrate. In
addition to the separate wrinkling and buckling instabilities developed under their
respective geometric conditions, the current study establishes that concurrent surface
wrinkling and global buckling can actually occur. While a converged instability pattern
exists when a sufficiently small deformation increment size is used in the simulations,
larger increments may result in different configurations. Correlating the local stress field
with the overall shape change offers significant insight into the development of instability
pattern. The comprehensive analyses presented in this chapter, including the imperfection
size effect, demonstrated the generality of the current embedded imperfection methodology
and its advantages over other existing numerical approaches.
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CHAPTER 7 THREE-DIMENTIONAL DEFORMATION
INSTABILITIES: DIRECT SIMULATION OF SURFACE
WRINKLING PATTERNS
In this chapter we report the first extension of the embedded imperfection technique to 3D
simulations, to assess its capability in predicting surface instability patterns. We employ
an approach to directly simulate complex surface wrinkling from pre-instability to postinstability in an accrete manner, covering the entire biaxial loading spectrum from pure
uniaxial compression (applied to 3D instead of 2D models) to pure equi-biaxial
compression; thus, the current chapter presents our first comprehensive study on surface
patterns encompassing the full range of in-plane compressive loading. Note that most of
the results from our earlier published works [114, 115] are included in this chapter.
The simulations are accomplished by incorporating pre-existing material defects in the
numerical model. In this study we show that the embedded imperfections not only can
initiate the first bifurcation mode, but can also activate any subsequent post-bifurcation
instability states and therefore lead to continuous evolution of surface instability patterns.
Surface wrinkling can be captured without the need of any tedious or multi-step numerical
treatments. Instead of treating surface patterns discretely under specific assumptions, we
aim to provide a full picture by applying our numerical approach to directly simulate any
possible forms of wrinkling instabilities and their transition. The numerical predictions also
provide mechanistic rationale for uncertainties seen from past theoretical and experimental
considerations. Through the simulation results, insights into how the surface pattern
emerge at the onset of instability and evolve into other modes during the course of
simulation can be gained. This information is not easily obtained from experimental studies.
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7.1. Numerical model description: Periodic-cell approach in 3D
The overall problem geometry and boundary conditions are schematically shown in Fig.
7.1. A thin-film layer, with thickness 𝑡𝑓 = 0.1 𝜇𝑚, is on top of a compliant substrate.
Similar to previous chapters, both the film and substrate materials are taken to be isotropic

a

c

b

Figure 7.1. (a)-(c) Schematics of the problem domain, boundary conditions, and the directions of applied
displacement.

linear elastic in all simulations. The material properties are defined as presented in chapter
3.
The problem domain is defined in such a way to represent a unit cell of a periodic structure.
This periodic-cell approach is built upon our earlier 1D wrinkling study (Chapter 6) and is
now extended to full 3D simulations. One embedded imperfection is placed in the substrate
adjacent to the film-substrate interface, as shown in Fig. 7.1. To ensure symmetry, the
imperfection is square-shape and exactly at the center of the xz-plane (note that all the
elements in the model are initially perfectly square in the xz-plane); the element is assigned
the properties of the film material. Following the same approach in our two-dimensional
simulations (Chapter 6), the size of the model is scaled by the analytical critical wavelength
of 1D wrinkles (𝜆𝑐𝑟 as defined in Eq. (3)). The domain dimensions of 𝑊𝑥 = 𝑊𝑧 = 10𝜆𝑐𝑟
and overall depth D = 5𝜆𝑐𝑟 were chosen. The film surface is thus of square shape, and the
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substrate is sufficiently thick compared to film thickness. As a consequence of such scaling,
the domain dimensions for the cases with P3HT:PCBM film and PEDOT:PSS film were
not identical. Nevertheless, this approach is more advantageous since it provides better
control over the total number of elements and leads to computationally efficient
simulations with straightforward comparisons. In should be noted that the domain
dimensions of 𝑊𝑥 = 𝑊𝑧 = 10𝜆𝑐𝑟 were intentionally chosen such that 10𝜆𝑐𝑟 ≅ 7(𝜆𝑐𝑟 )𝐶𝑏 ,
meaning that the model size is also sufficiently large for the formation of 7 cycles of squarecheckerboard waves (based on Eq. (13)) in each of the x and z directions. Recall that the
numerical modeling will also be used to shed light on the wavelength of the checkerboard
pattern, with reference to the discrepancy in the literature described in Chapter 2. In
addition, the model size is presumably suitable for the post-buckling studies of herringbone
and labyrinth patterns, following the rationale discussed in Chapter 2 that the short
wavelength of the surface wrinkling patterns remains invariant and identical to the
wavelength of 1D mode in post-instability regimes. Therefore, the model size is
appropriate for capturing a variety of wrinkling features, and is also suitable for verification
studies by comparing the results with available analytical solutions. Note that in general
the chosen size of the unit cell may influence the simulation results. Nevertheless, the
current embedded imperfection approach can in principle be applied to any given model
dimensions with or without the symmetry boundary conditions. The primary limitation
would be the computational demand required for large 3D models. It is also noted that,
since the embedded imperfection is a regular element, the imperfection size will be affected
as the mesh density is altered. This issue is comprehensively addressed in Section 7.7.2.
The simulations were performed under displacement control with a full range of biaxial
compression considered. The boundary conditions and applied displacement directions are
schematically shown in Fig. 1(b) and (c). The roller boundary condition is imposed on
faces z = 0 and x = 0 with only tangential slide allowed. The node at the origin (a corner
point at the bottom of the substrate) is entirely fixed in space. The faces 𝑧 = 𝑊𝑧 and 𝑥 =
𝑊𝑥 are constrained to remain perpendicular to the z and x axes, respectively, during
deformation[120]; and the bottom-substrate and top-film faces are traction-free. The
compressive displacement was applied incrementally with its magnitude varying as 0 ≤
𝑢𝑥 ≤ 𝑢̅𝑥 (and similarly 0 ≤ 𝑢𝑧 ≤ 𝑢̅𝑧 ), where 𝑢̅𝑥 and 𝑢̅𝑧 are the maximum applied
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displacements in x and z directions, respectively. The displacement increments for the static
analysis were kept sufficiently small to avoid the potential increment-size dependency of
the solutions[113]. The applied nominal strain therefore varies as 0 ≤ 𝑒𝑥𝑥 ≤ 𝑒̅𝑥𝑥 (and 0 ≤
𝑒𝑧𝑧 ≤ 𝑒̅𝑧𝑧 ) where 𝑒̅𝑥𝑥 and 𝑒̅𝑧𝑧 are the maximum applied compressive strains in x and z
directions, respectively. (note that the absolute value/magnitude of displacement/strain is
considered here in these definitions since the applied displacement is negative). The
biaxiality ratio (BR) is then defined as
BR =

𝑒̅𝑧𝑧 𝑢̅𝑧
= .
𝑒̅𝑥𝑥 𝑢̅𝑥

(20)

Due to the square geometry in the xz-plane, this strain ratio can also be written in terms of
the applied displacements ( 𝑢̅𝑧 and 𝑢̅𝑥 ) as seen in Eq. (20). Simulations for various
biaxiality ratios were performed in that 𝑢̅𝑥 was kept constant and 𝑢̅𝑧 was altered within the
range of 0 ≤ 𝑢̅𝑧 ≤ 𝑢̅𝑥 for different cases of BR. As a consequence, the biaxiality varies
within the range of 0 ≤ BR ≤1, where BR = 0 pertains to uniaxial compression (applied
in the x-direction) and BR = 1 corresponds to the perfectly equi-biaxial compression. Any
other BR values represent non-equi-biaxial loading conditions.
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7.2. Model verification
A number of analytical studies have shown that, for a film-substrate structure with an
initially flat surface subjected to small “overstresses” (strains slightly beyond the
bifurcation point), the square-checkerboard and 1D sinusoidal modes have the lowest
energy in the buckled state under equi-biaxial and uniaxial compression, respectively [55,
57, 59]. The simulation results presented are in qualitative agreement with the theories.

a

After deformation

c

b

d

Figure 7.2. (a) Typical form of simulated 1D wrinkles associated with the converged mesh. (b) Variation of
simulated 1D wrinkling wavelength with the number of elements per analytical wavelength. (c)-(d)
Amplitudes of the sinusoidal wrinkles normalized by film thickness as a function of the applied strain
normalized by the critical value, plotted for c single-layer, and (d) bi-layer film systems.
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Verification of the numerical models in conjunction with the mesh convergence analysis
are presented first.
Consider uniaxial compression (BR = 0) applied to the film-substrate system. A typical
form of simulated 1D wrinkles using the converged mesh is shown in Fig. 7.2(a). The mesh
refinement scheme is based on the number of elements in the x and z directions per critical
wavelength of the 1D mode (𝜆𝑐𝑟 in Eq. (3)), and equal mesh size in both x and z is
maintained to ensure a square element shape in the plane. This refinement practice provides
a neat control over the total number of elements in a wrinkled structure. Fig. 7.2(b) shows
the simulated critical wavelength of the 1D mode as a function of the number of elements
per unit wavelength. The theoretical values are also included as horizontal lines for
comparison. Three different thin-film materials were studied: a single-layer P3HT:PCBM,
a single-layer PEDOT:PSS, and a composite (bi-layer) film comprising of 50%-50% (equal
thickness) P3HT:PCBM on top of PEDOT:PSS. The case of composite film has been
comprehensively studied in Chapter 5, and is now successfully extended to the full 3D
model. Theoretical solutions based on Eqs. (11) and (15) are included for comparison. As
can be seen from Fig. 7.2(b), mesh-insensitive solutions were obtained when the mesh
density reaches about eight elements per unit wave.
Fig. 7.2(c) shows how the amplitude of the 1D wrinkles (normalized by the film thickness)
evolves with the applied strain (normalized by the critical value at the onset of primary
bifurcation), for the two cases of single-layer film material. The mesh density used is the
converged 10 elements per wavelength. The corresponding plot for the bi-layer composite
film is shown in Fig. 7.2(d). The theoretical response displayed in Figs. 7.2(c)-(d) are based
on Eq. (15). It is evident that the numerical results are generally in agreement with the
analytical solutions in all cases. From the discussion in Chapter 2, the critical wavelength
of 1D wrinkles is the shortest wavelength compared to all other primary and post-buckling
modes under general biaxial loading. In the remainder of this chapter, all simulation results
were based on the sufficiently fine mesh of 10 elements per wavelength.
Now consider the same model but subjected to perfectly equi-biaxial compression (BR =
1). Fig. 7.3 shows the simulated amplitudes of the square-checkerboard wrinkles
(normalized by the film thickness) as a function of the applied strain (normalized by the
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critical value), for both cases of P3HT:PCBM film and PEDOT:PSS film. The theoretical
response based on Eq. (15) is also included. It is evident that the amplitude stays essentially
at zero before the critical point. Upon reaching instability, the increasing amplitude of the
uniform surface pattern is in general agreement with the analytical solution.
It was mentioned in Chapter 2 that there have been inconsistencies in theoretical treatments
of the wavelength in the square-checkerboard pattern, namely Eq. (13) in Refs. [55, 56, 58]
vs. (𝜆𝑐𝑟 )𝐶𝑏 = (𝜆𝑐𝑟 )1𝐷 in Ref. [57]. It is clear from the present numerical model that the
predicted wavelength is in line with Eq. (13). (Recall that the width of the model is 𝑊𝑥 =
𝑊𝑧 = 10(𝜆𝑐𝑟 )1𝐷 , and in Fig. 7.3 there are 7 (≈ 10/√2) full cycles along the x and z
directions.

After deformation

Figure 7.3. The amplitude of square-checkerboard mode as a function of the applied strain (normalized by the critical
value). The amplitude is normalized by the film thickness. A typical deformed shape is shown in the inset.
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As a part of the verification study, we now present the evolution of stresses using the case
of P3HT:PCBM film under uniaxial loading (BR = 0). A column of elements along the
film-thickness direction from top (free surface) to bottom of film (adjacent to interface)
and into the top substrate element, near the lower-right corner of Fig. 7.1(c), were selected.
Fig. 7.4(a) shows the history of the elemental stress component 𝜎𝑥𝑥 in all these elements
(evaluated at the elements’ centroids) as a function of the applied strain in the x-direction,
𝑒𝑥𝑥 . It is clear that the stress developments in all the film elements considered are identical
at the pre-instability stage, and bifurcation starts at the same point with the 𝜎𝑥𝑥 value in
agreement with Eq. (6). Upon instability the top and bottom film elements selected are at
the concave and convex sides of a wrinkle, respectively, so their stresses become more and
less negative, respectively, as deformation progresses. Note that the stress in the compliant
substrate immediately below the interface remains close to zero throughout the deformation.
The same type of stress history is plotted in Fig. 7.4(b), using four random elements at the
top surface of the film. The locations of the chosen elements are highlighted in the inset of
Fig. 7.4(b). Again, bifurcation initiates at the same point consistent with the analytical
critical stress value. The post-instability stress diverges depending on the element location.
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117 of applied strain 𝑒 , (a) through the film thickness and into
Figure 7.4. (a)-(b) Evolution of stress 𝜎𝑥𝑥 as a function
𝑥𝑥
the top element of the substrate at a chosen location, and (b) at various locations of the film’s top surface. (c) Variation
of critical stress, (𝜎𝑥𝑥 )𝑐𝑟 , with the biaxiality ratio, BR. The theoretical solution is also included for comparison.

In addition to uniaxial loading, the critical stresses associated with the primary bifurcation
mode for various biaxiality ratios were obtained from the numerical simulations and
compared with the theoretical value of Eq. (5). The variation of the magnitude of (𝜎𝑥𝑥 )𝑐𝑟
with the BR value is shown in Fig. 7.4(c). As can be seen, the simulated (𝜎𝑥𝑥 )𝑐𝑟 is
independent of the biaxiality ratio and is close to the theoretical prediction. It is worth
mentioning that, for biaxial loading, (𝜎𝑧𝑧 )𝑐𝑟 will change with BR so overall the critical
stress state is actually a function of the load biaxiality.

7.3. Evolution of surface instabilities: pre-instability and first bifurcation mode
Attention is now devoted to the evolution of initial instability patterns generated by uniaxial
compression (BR=0) and equi-biaxial compression (BR=1). Fig. 7.5 shows the instability
patterns shortly after the initial bifurcation (critical) point, obtained from the numerical
simulations of (a) equi-biaxial compression and (b) uniaxial compression of the
P3HT:PCBM film on the PDMS substrate. The contour colors represent the out-of-plane
displacement component (𝑢𝑦 ). The square-checkerboard mode and 1D sinusoidal mode
observed in Figs. 7.5(a) and 7.5(b), respectively, are the direct outcome of the numerical
model described in Section 7.2, without any special treatment such as building initial small
waves into the model. It is also evident that perfect symmetry of the surface pattern is
maintained.
In addition to being able to simulate instabilities in a straightforward manner, the present
embedded imperfection technique also provides interesting insights into the temporal
evolution of surface patterns from the initial defect. This is impossible with analytical
solutions, and is extremely difficult to pinpoint from physical experiments. Fig. 7.6 shows
the sequence of surface topologies from the early deformation to shortly after the critical
point, labeled by the normalized compressive strain (𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 ) on each image, for the case
of equi-biaxial compressive loading. The same type of results for the case of uniaxial
compressive loading are shown in Fig. 7.7. The displacement (𝑢𝑦 ) color scales are kept the
same as in Fig. 7.5. For the purpose of revealing the diminutive surface features at the early
stages of deformation, a very large out-of-plane deformation amplification factor of 1000
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is used in Figs. 7.6 and 7.7. As can be seen in Fig. 7.6, a very small disturbance around the
imperfection site starts to emerge well before the critical point, which gradually grows into
a ripple-like pattern near the onset of instability (e.g., at 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 = 0.98). With further
straining, the radially propagating waves reach the domain boundaries, and the surface
pattern transforms into a uniform and well-defined checkboard at the onset of instability.
In Fig. 7.7 the 1D wrinkling also emerges locally near the imperfection site and propagates
toward the boundaries. A uniform and well-defined sinusoidal wrinkle pattern takes shape
at the onset of instability. The last images in Figs. 7.6 and 7.7 (at 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 = 1.020) are the
same as in, respectively, Figs. 7.5(a) and 7.5(b) (except for the different amplification
factors used for the presentation). Note that the value of critical strain, 𝑒𝑐𝑟 , considered here
is obtained from the simulations by monitoring the amplitude development away from the
imperfection site (details to be shown in the sections below).
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Figure 7.5. Deformed configurations obtained from numerical simulations for (a) equi-biaxial compression, and (b) uniaxial
compression, when the applied strain (normalized by the critical strain) 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 = 1.020. A deformation scaling factor 40 is used.
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Figure 7.6. Evolution of instability patterns obtained from numerical simulations, for the case of P3HT:PCBM film
and equi-biaxial compression. The contour colors represent the displacement component 𝑢𝑦 and are in the same
scales as Fig. 2. An out-of-plane scaling factor of 121
1000 is applied for better visualization.

Figure 7.7. Evolution of instability patterns obtained from numerical simulations, for the case of
P3HT:PCBM film and uniaxial compression. The contour colors represent the displacement component 𝑢𝑦
and are in the same scales as Fig. 2. An out-of-plane scaling factor of 1000 is applied for better visualization.

In summary, the embedded imperfection approach, previously developed for numerically
simulating uniaxial wrinkling instability in a 2D setting, is now successfully extended to
3D scenarios. The technique does not involve any multi-step procedure, and can be easily
implemented to generate surface instability patterns in a seamless manner. The present
section was focused on the primary bifurcation modes. The perfectly symmetric uniaxial
wrinkles and square checkerboard mode can be directly obtained from the 3D analyses
under uniaxial and equi-biaxial compression, respectively. The results illustrate that
deformation instability does not form all at once. A local disturbance (in the forms of
ripples under equi-biaxial loading and of local cylindrical waves under uniaxial loading)
originates from the imperfection site and propagates outward, eventually becoming a
global pattern conforming to the classical solution. The simulation results can rationalize
how interface defects in actual materials lead to the formation of surface patterns. The
proposed 3D model is thus demonstrated to be well suited for further investigations of
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instabilities in the film/substrate system over a wide range of loading conditions (e.g., nonequi-biaxial loading) as presented in the following sections.

7.4. Wrinkle patterns vs. macroscopic response
The present work investigates the full range of biaxial loading between BR = 0 and 1. In
this section we first present the simulated surface morphologies and their correlation with
the macroscopic load response, using a special case of non-equi-biaxial loading with BR =
0.7. While the case of BR = 0.7 was chosen arbitrarily, this loading ratio does lead to a
series of pattern changes from 1D mode (primary) to herringbone (secondary) and then to
labyrinth (tertiary), as shown in Fig. 7.8(a). The entire sequence from the pre-instability
stage can be directly captured in one simulation run. From the model output, the reaction
forces in either compressive direction may be plotted against the applied strain. An
example is shown in Fig. 7.8(b) using the reaction force in z, Fz, and the applied strain exx.
The curve spans a wide range of deformation history from pre-instability to well into the
tertiary instability mode, with the representative top-view surface patterns included as
insets in the figure. Whenever the instability mode change occurs, the curve displays a
sudden change in slope or load drop.
Before the onset of instability, the film-substrate system is under nominally uniform
compression and the surface remains generally flat. In Fig. 7.8(b), we include a preinstability image with a highly amplified displacement map, illustrating that the formation
of wrinkles is in fact a gradual process starting from very small disturbances around the
imperfection site (Chapter 3). The onset of primary instability is at the applied strain of
approximately 2.6×10-3, and the dominant 1D wrinkle mode lasts through the strain of
approximately 3.6×10-3 when the secondary bifurcation (herringbone mode) commences.
As the strain approaches 4.0×10-3, an abrupt load reduction occurs which signifies a
significant change in pattern into the labyrinth mode. Subsequent aberrations of the curve
correspond to further adjustments of wrinkle configurations which will change the
labyrinth form as the applied strain continues to increase. The simulation approach adopted
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here enables continuous visualization of the evolving instability patterns and the correlation
with the macroscopic mechanical response.
It should be noted that the bifurcation points identified in Fig. 7.8(b) depend on the material
properties and loading condition. The specific case of P3HT:PCBM film with BR = 0.7 is
chosen for illustration. Fig. 7.8(c) shows the reaction force Fz vs. applied strain exx for seven
biaxiality ratios ranging from 0 to 1. The corresponding plot for Fx is shown in Fig. 7.8(d).
The exx value is used as a reference for both figures to represent the extent of applied strain.
In Fig. 7.8(c) the case of BR = 0 is for uniaxial loading along the x-direction so Fz remains
zero throughout the history. From Figs. 7.8(c) and 7.8(d), a linear elastic response is
observed at the pre-instability stage in all cases. In Fig. 7.8(d) a higher BR value results in
a higher initial slope due to the Poisson’s ratio effect of biaxial loading. For each BR the
first change in the load-strain slope corresponds to the onset of the primary instability mode.
Subsequent irregularities along the curves are the result of mode transformation or
configuration change, as described in the previous paragraph. (Note that the curve in Fig.
7.8(b) is a zoomed-in view of the curve of BR = 0.7 in Fig. 7.8(c).) The curves in Figs.
7.8(c) and 7.8(d) indicate that different biaxiality ratios result in significantly different
post-instability behavior. The following section is then devoted to a systematic analysis of
the wrinkle pattern formation over the entire BR span.
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Figure 7.8. (a)-(b) Evolution of surface wrinkling patterns during the loading history, starting from a flat surface to 1D mode
125mode, obtained from a single simulation run for the case of non(primary), herringbone (secondary), and then to labyrinth (tertiary)
equi-biaxial loading with BR = 0.7. (c)-(d) Variation of reaction force (c) 𝐹𝑧 and (d) 𝐹𝑥 with the applied strain (𝑒𝑥𝑥 ); the results for
various BR values are included for comparison.

7.5. Wrinkling patterns vs. biaxiality ratio
To assess the dependency of wrinkle patterns on the biaxiality ratio, extensive simulations
were conducted with the pattern evolution closely monitored. Due to the nature of the
resulting patterns as discussed below, the cases of 0.9 < BR ≤ 1.0 require more detailed
examinations. Therefore, this range is to be presented separately below. The progression
of deformation is characterized by the normalized applied strain in the x-direction, 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 ,
where 𝑒𝑐𝑟 is the numerically obtained critical strain corresponding to the first bifurcation
point. Fig. 7.9 shows a collection of top-view (xz-plane) wrinkle patterns displayed by the
P3HT:PCBM film, for biaxiality ratios between 0 and 0.9 up through an applied strain of
𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 = 5. The color contours represent the out-of-plane displacement (𝑢𝑦 ) with the red
and blue colors being the highest (peak) and lowest (valley) positions, respectively. Note
that the same quantitative color scheme is applied to all the surface patterns presented in
this chapter.
In Fig. 7.9 the left-most images are patterns right before instability, at 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 ≈ 0.98,
showing very small disturbances originating from the imperfection site. (A very high
scaling factor of 1000 is assigned to these pre-instability images to make them visible.)
Shortly after the deformation reaches 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 = 1.0, all cases of BR from 0 to 0.9 have
displayed well defined 1D wrinkles. For high BR values such as 0.9, the wrinkles are
perpendicular to the x-direction since exx was set to be the higher compressive strain than
ezz in the models. For uniaxial loading (BR = 0), the 1D mode persists throughout the entire
history. For biaxial loading with a non-zero ezz component, the parallel wrinkles will start
to curve so as to transform into the herringbone-like structure as deformation continues.
This transformation occurs earlier as the biaxial loading becomes more prominent
(increasing BR). In addition, another major post-buckling transformation from herringbone
to labyrinth appears for high BR values, which also tends to occur earlier as BR increases.
The herringbone pattern observed in Fig. 7.9 deserves further discussion. As discussed in
Chapter 2, uncertainties exist in the literature regarding the evolution of herringbone
pattern and the necessary loading condition in the post-instability regime. From the current
simulations, the pattern is essentially an outcome of lateral undulation (post-bifurcation) in
the 1D waves. In addition, this mode was not observed under pure equi-biaxial condition
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and was captured only for non-equi-biaxial cases of 0 < BR ≤ 0.90. It was observed that
the short wavelength (perpendicular to the local wrinkle lines) remains invariant, but the
long wavelength (lateral undulation) and the jog angle depend strongly on the applied strain.
Our results about the herringbone pattern in general conform to the theoretical
considerations in references[57, 59, 61].
Fig. 7.10 shows the wrinkle patterns at various stages of deformation, for BR values greater
than 0.9. With the loading conditions now closer to equi-biaxial, it can be seen that the 1D
mode observed previously in Fig. 7.9 is suppressed right from the onset of first bifurcation.
(Immediately before instability a very small disturbance in the form of ripples originating
from the imperfection site can be detected under a very high scaling factor.) There is a
tendency for the primary instability mode to become checkerboard-like as BR approaches
unity. Soon after the primary mode, there is a transient stage where the checkerboard form
breaks down and more continuous wrinkles emerge leading to a labyrinth structure. This
transformation happens within the strain range of 1 ≤ 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 ≤ 2, with the labyrinth
mode staying dominant thereafter. Note that the transient patterns seen in Fig. 7.10 may be
interpreted as a hybrid mode of checkerboard-herringbone; the term “bistable modes” have
been used in the literature to refer to such hybrid instability patterns[59, 121].
The primary instability modes observed in Figs. 7.9 and 7.10 are now grouped together in
Fig. 7.11 for a clear comparison. Within the range of 0 ≤ BR ≤ 0.91 (Fig. 7.11(a)) the
mode is 1D wrinkles. It is worthy of note that, for a biaxial loading state with the applied
compressive strain in one direction (z in the current study) as high as above 90% of that in
the other direction (x), the primary instability mode is still 1D wrinkles. Some 1D wrinkles
become “branched” when BR is increased to the range of 0.92 ≤ BR ≤ 0.94, which is also
associated with the lateral kinks displayed by most of the waves (Fig. 7.11(b)). This is a
transitional state from the 1D wrinkle to checkerboard modes. Figs. 7.12(a) and 7.12(b)
show the evolution of branching patterns for BR = 0.92 and 0.94, respectively. In both
cases the 1D wrinkles at the two opposite sides of the model appear to emerge in a
staggered manner. With further deformation the two sets of waves link up, resulting in a
kinked and branched structure. As BR is increased to 0.95 (Fig. 7.11(c)), the continuous
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waves are entirely broken up by the increasingly dominant kinking and branching, and the
surface topography tends toward discrete islands.
Beyond BR = 0.95, a periodic wave form in both the x- and z-directions becomes more
distinct and the checkerboard pattern takes shape. Note that the true square-checkerboard
is obtained only when BR = 1 (Fig. 7.11(f)). With a slight deviation from perfect equibiaxiality, e.g., at BR  0.99, the wavelength along the z-direction is greater than that along
the x-direction (Fig. 7.11(e)). It is worth mentioning that this non-square checkerboard
pattern is qualitatively akin to the hexagonal/triangular modes proposed analytically by Cai
et al[55]. Major findings from Fig. 7.11 can be summarized as follows:
-

The wrinkling patterns are highly sensitive to the loading biaxiality, and variations
of the checkerboard pattern are observed for BR ≥ 0.95. All these simulation
results are with an initially perfectly flat surface, influenced only by the load
biaxiality. This aspect has not been predicted by any theoretical studies discussed
in Chapter 2.

-

With BR ≥ 0.95 the loading state is very close to the pure equi-biaxial compression.
This may explain why the perfect square-checkerboard pattern has not been
observed in earlier experimental studies[3, 5, 55] (in addition to other possible
reasons discussed in the literature), since a nominal equi-biaxial state in actual
experiments is likely to have slight deviations so non-square types of checkerboard
patterns may be easily triggered. Furthermore, any non-uniformity in the film and
substrate materials may also affect the local stress state.
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𝑥
𝑧

Figure 7.9. Evolution of wrinkling patterns as a function of applied strain (normalized by the critical value and biaxiality ratios within the range of 0 ≤ 𝐵𝑅 ≤ 0.9.
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𝑥
𝑧

Figure 7.10. Evolution of wrinkling patterns as a function of applied strain (normalized by the critical value) and biaxiality ratios within the range of 0.9 < 𝐵𝑅 ≤ 1.0.
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Figure 7.11. Primary deformation instability patterns obtained for various biaxiality
ratios.
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a
BR = 0.92

b
BR = 0.94

Figure 7.12. Formation of “branched” wrinkles through the link-up process under the influence of loading biaxiality.
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(a) BR = 0.92 and (b) BR = 0.94.

7.6. Construction of instability phase diagrams
The results presented in Figs. 7.9 and 7.10 provided an overview of how the instability
pattern evolves as deformation progresses for the various biaxiality states. Since our
simulations are able to predict temporal evolution of one bifurcation mode to another, the
critical biaxial strains for each mode may be graphically presented so as to create a phase
diagram. Fig. 7.13(a) shows the variation of critical strains in the x-direction, (𝑒𝑥𝑥 )𝑐𝑟 , as
a function of biaxiality ratio for our model system of P3HT:PCBM film on PDMS substrate.
(Different materials will lead to different quantitative values but the qualitative features
remain the same, as confirmed by our analyses using the PEDOT:PSS thin film.) Note that,
with any combination of BR and (𝑒𝑥𝑥 )𝑐𝑟 values in Fig. 7.13(a), (𝑒𝑧𝑧 )𝑐𝑟 is also determined.
The critical strains here were obtained from the load-strain curves in conjunction with the
wrinkling patterns, as discussed in Section 7.4. The critical values for the primary,
secondary, and tertiary bifurcations are denoted as (𝑒𝑐𝑟 )1, (𝑒𝑐𝑟 )2, and (𝑒𝑐𝑟 )3, respectively.
These curves serve as the boundaries between the domains whose characteristic instability
patterns are also displayed. Two theoretical values for the first bifurcation are included for
comparison, one for the square-checkerboard mode and the other for 1D wrinkles under
the plane strain condition.
It is evident from Fig. 7.13(a) that the critical strains decrease as the biaxiality ratio
increases. These domain boundaries converge toward the equi-biaxial state (BR = 1).
However, at BR = 1 the three critical values do not actually coincide, as shown in the inset.
There is a very small primary instability region where the characteristic pattern is
checkerboard. The critical strains, (𝑒𝑐𝑟 )2 and (𝑒𝑐𝑟 )3 , on the other hand, are
indistinguishable and thus the square-checkerboard transforms to labyrinth as the
compressive strain increases. In the vast majority of biaxial loading conditions, 1D
wrinkling is the primary bifurcation mode. Herringbone exists between 1D wrinkles and
labyrinth. The stable herringbone pattern, however, occurs only within a relatively narrow
region in this diagram.
An alternative form of the phase diagram is shown in Fig. 7.13(b), using 𝑒𝑥𝑥 and 𝑒𝑧𝑧 to
characterize the biaxial state (note that both axes are normalized by (𝑒𝑐𝑟 )1 along the xdirection). The diagonal line represents the border of this diagram, since 𝑒𝑥𝑥 ≥ 𝑒𝑧𝑧 in all
133

cases of this study without the loss of generality. (Flipping the loading directions will lead
to exactly the same results but in the other half of the figure). A dashed line representing
BR = 0.9 is added in the figure as a reference (not as a “phase boundary”), to aid in the
reading of the map. The horizontal axis itself corresponds to the case of BR = 0. The phase
boundaries are the three critical strains (𝑒𝑐𝑟 )1 , (𝑒𝑐𝑟 )2 and (𝑒𝑐𝑟 )3 normalized by (𝑒𝑐𝑟 )1
(corresponding to the respective BR values). As in Fig. 7.13(a), the three main domains
featured in Fig. 7.13(b) have the characteristic instability patterns of 1D wrinkles,
herringbone and labyrinth. The checkerboard pattern, as well as the transitional hybrid
mode of checkerboard-herringbone mentioned in Section 7.5, only exist in a very small
region when BR > 0.95 between the pre-instability and labyrinth domains. For all other BR
values, the development of bifurcation modes follows the order of 1D wrinkles,
herringbone and labyrinth as deformation progresses.
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Figure 7.13. (a) Variation of numerically calculated critical strain, (𝑒𝑥𝑥 )𝑐𝑟 , with the biaxiality ratio, BR;
critical strains corresponding to the first three bifurcation points are shown and respectively labeled as
(𝑒𝑐𝑟 )1 , (𝑒𝑐𝑟 )2 , and (𝑒𝑐𝑟 )3 . (b) Instability phase diagrams.

7.7. Effects of Deformation History
In this section, computational simulations are undertaken to study the evolution of wrinkles
under in-plane compression loading. In particular, the effects of deformation history
involving loading and unloading are investigated. We employ the embedded imperfection
technique which is capable of direct numerical predictions of the surface instability
patterns. Attention is devoted to both uniaxial compression and equi-biaxial compression.
Note that our modelling approach allows such process to be carried out in one simulation
run. In the case of equi-biaxial loading, we further investigate the effect of deformation
history by comparing the surface patterns resulting from simultaneous loading and
sequential loading along the two axes.
We show that, after the formation of wrinkles, the surface patterns may still be eliminated
upon complete unloading of the elastic film-substrate structure. The loading path, however,
plays an important role in affecting the instantaneous wrinkle configurations. With the
same final equi-biaxial state, different deformation histories can lead to different surface
patterns. The finding brings about possibilities for creating variants of wrinkle
morphologies controlled by the actual deformation path.
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7.7.1. Uniaxial Compression
We first consider uniaxial compressive loading along the x-direction. Figure 7.14 shows
the evolution of sinusoidal wrinkles during the loading and unloading phases. The color
contours represent the extents of displacement in the out-of-plane (y) direction. In the
loading phase (Figs. 7.14(a) to 7.14(c)), the model is subjected to compressive
displacement from 0 to -0.42 𝜇𝑚 (corresponding to a compressive strain of -0.0075). The
extent of the applied compression in terms of normalized strain is 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 ≅ 2.0, where
𝑒𝑥𝑥 is the applied strain in x direction and 𝑒𝑐𝑟 is the critical wrinkling strain obtained from
the simulations [112]. As can be seen, fully developed sinusoidal wrinkles were obtained
at the end of the loading phase (Fig. 7.14(c)). Subsequently, the analysis was continued
with an unloading phase in that the applied strain was reverted back to zero (Figs. 7.14(c)
to 7.14(e)). The wrinkles tend to disappear gradually while the unloading progresses, and
a fully flat surface is in place when the compressive strain is completely removed. The
overall load-displacement response resulting from the simulation is shown in Fig. 7.14(f),
with the model snapshots at different stages (Figs. 7.14(a) to 7.14(e)) labelled along the
curves. It is evident that the loading and unloading responses follow the same path. At the
onset of instability during loading (and the reversal of instability during unloading), there
is a distinct change in slope of the load-displacement behavior.

137

b

a

c

d

e

f

c

𝑭𝒙

b and d

a and e

𝒖𝒙 (𝜇𝑚)
Figure 7.14. Snapshots of simulated surface pattern during the loading phase (from (a) to (c)) and
unloading phase (from (c) to (e)) under uniaxial
138 compression. (f) The overall load-displacement
response for the entire deformation history, with the five stages (a) to (e) labelled along the curves.

7.7.2. Equi-biaxial Compression
Attention is now turned to in-plane equi-biaxial loading along the x- and z-directions. The
dominant mode of surface wrinkling at the onset of instability caused by equi-biaxial
loading is the square-checkerboard pattern [55, 115]. Although the pattern will eventually
evolve into the labyrinth mode in the post-instability regime [115], the current study is
limited only to the primary mode of instability. Figure 7.15 shows the simulated evolution
of square-checkerboard wrinkles during loading (a to c) and unloading (c to e). The
maximum equi-biaxial displacement of -0.138 𝜇𝑚 was applied during loading, which
corresponds to 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 ≅ 1.03 with 𝑒𝑐𝑟 being 0.0024. The development of wrinkling
pattern from the pre-instability flat face to the square-checkerboard pattern can be clearly
seen from Figs. 7.15(a) to 7.15(c). During the unloading phase (Figs. 7.15(c) to 7.15(e)),
the surface pattern gradually fades away and the flat surface reappears. Figure 7.15(f)
shows the overall load-displacement response in the x-direction during the equi-biaxial
loading/unloading. The points where the snapshots of Figs. 7.15(a) to 7.15(e) were shown
are also labelled along the curves. As can be seen, similar to the case of uniaxial
compression discussed in Section 7.7.1, the equi-biaxial loading and unloading responses
also follow the same path. The entire history of the reversible deformation involving
mechanical instabilities can thus be captured by our modelling approach in a
straightforward manner.
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Figure 7.15. Snapshots of simulated surface pattern during the loading phase (from (a) to (c)) and
unloading phase (from (c) to (e)) of the equi-biaxial compression. (f) The overall load-displacement
response for the entire deformation history, with the five stages (a) to (e) labelled along the curves.

7.7.3. Simultaneous vs. Sequential Loading
In this section, we compare the surface wrinkling patterns based on simultaneous and
sequential loadings leading to the same final state of equi-biaxial strains. The result of
simultaneous loading was presented in Section 7.7.3. For sequential loading, uniform
compression along the x-direction only was first applied, which was followed by a second
phase of compression along the z-direction. At the end of the second phase 𝑢𝑥 = 𝑢𝑧 =
−0.138 𝜇𝑚 which is the same as the case presented in Section 7.7.2. Figures 7.16(a) and
7.16(b) show the surface patterns at the end of each phase of the sequential loading. After
phase 1, the surface remains flat because the applied displacement has not reached the
critical value (see Fig. 7.14(f)). At the end of phase 2, a checkerboard-like pattern takes
shape, but it is not the exact square type, as can be seen from the different numbers of
waves along x and z.
Figures 7.16(c) and 7.16(d) show the top views of surface patterns resulting from the
simultaneous and sequential loadings, respectively, for a direct comparison. Despite the
same end state of equi-biaxial compressive strains, sequential loading leads to a non-square
checkerboard pattern as opposed to the square-checkerboard obtained from the
simultaneous loading. It is apparent that the mechanical instability renders the simple
elastic deformation history-dependent. Such a dependence may be attributed to the change
in domain geometry after the first phase of compression along the x-direction. The longer
span in the z-direction at the start of the second phase, coupled with the fixed constraint
maintained in the x-direction, contributed to the formation of rectangular type of
checkerboard pattern. The present finding also brings about the wide-ranging possibilities
for creating variants of wrinkle patterns controlled by the deformation path, which is
worthy of further investigations.
In addition to the history-dependent wrinkle morphologies, the result in Fig. 7.16 also
provides a possible explanation on why a true square-checkerboard pattern has not been
observed in typical equi-biaxial loading experiments [55]. Various potential reasons, such
as curved initial geometry and special constitutive behavior of materials, have been
proposed [55, 59, 60, 115]. The sequential loading effect revealed in Fig. 7.16 points to yet
another possibility, that deviations from the true simultaneous uniform loading along the
two directions (e.g., slight interruptions of loading continuity in any one direction) may
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create a favorable condition for the non-square-type checkerboard pattern. It is also worthy
of note that the embedded imperfection technique used here is particularly suited for multiphase loading processes such as cyclic deformation. The need for re-defining imperfections
in each loading phase can be completely avoided.

In conclusion, we illustrate that, within the linear elastic framework free of material
damage, deformation instabilities in the form of surface wrinkles are recoverable under
uniaxial and equi-biaxial loading and unloading. Using different deformation paths to reach
the same equi-biaxial state, however, results in different wrinkle configurations. This
finding raises the possibilities of devising special loading sequences in actual experiments
to achieve specific surface patterns. The current study also paves the way for future
explorations involving complex deformation paths, inelastic deformation and damage, and
cyclic response.
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Figure 7.16. (a) and (b) Snapshots of simulated surface patterns during sequential loading at (a) the
end of phase one and (b) the end of phase two. (c) The square-checkerboard wrinkling pattern
obtained from simultaneous loading. (d) The non-square checkerboard wrinkling pattern obtained
from sequential loading.
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7.8. Further discussions
7.8.1. Nonuniformity in amplitude
The development of wave amplitude presented in Figs. 7.2 and 7.3 were calculated from
locations at the domain boundary, away from the imperfection site. A sharp transition from
pre-instability to post-instability is evident. However, from the results shown in Figs. 7.6
and 7.7, the surface patterns started to form around the imperfection site through a gradual
process. Therefore, it is of interest to compare the evolution of surface patterns at various
locations on the surface, as shown in Fig. 7.17 using the case of P3HT:PCBM film under
equi-biaxial compression (BR=1) as an example. The three locations monitored are
highlighted in Fig. 7.17(a), and the variations of their wave amplitudes with the applied
strain are plotted in Fig. 7.17(b). In Fig. 7.17(a), the wave highlighted in dark blue has
formed exactly at the imperfection site, and the nearest wave to its immediate right is
highlighted in light blue. The red circle represents the third location chosen which is at the
domain edge (also the farthest wave from the imperfection in this model). In Fig. 7.17(b)
the same three colors are used for the three locations for easy comparison. The analytical
solution (calculated from Eq. (15) using the critical strain value introduced in Eq. (14)), is
also plotted in Fig. 7.17(b) with a solid black color.
As evident in Fig. 7.17, the wave at the imperfection site shows early amplitude growth
compared to the other two waves. The neighboring wave possesses much lower amplitudes
and is close to the response of the edge wave, displaying a more distinct transition at
instability. The difference in amplitude between the imperfection site and other locations,
is smaller than 8% of the film thickness before instability. All three curves tend to converge
at higher strains, corresponding to the formation of a uniform checkerboard pattern across
the entire surface. A similar behavior was also observed for the 1D sinusoidal mode and
essentially any other primary wrinkling patterns forming under various biaxiality ratios as
shown in Fig. 7.11.
The present simulation technique is not only of significance in numerical studies but also
important from the physical standpoint. One may draw an analogy between the embedded
imperfection and interface defect in actual specimens. The simulation results presented in
this chapter can rationalize how surface instabilities originate from the defect location.
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There is a transient stage of local nonuniformity, beyond which a uniform pattern takes
over the entire surface.
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Figure 7.17. (a) Surface contours of the checkerboard pattern with three locations highlighted. (b) Variation of the
amplitudes (normalized by film thickness) with the applied strain (𝑒𝑥𝑥 ) at the three locations highlighted in (a).
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7.8.2. Assessment of imperfection sensitivity
It was shown in our prior 2D study (Chapters 5 and 6) that the numerical solutions are
invariant over a wide range of imperfection spacings. It was further illustrated that the
dependency on imperfection distribution can be eliminated using the periodic unit-cell
model with only one imperfection at the center of the film-substrate interface (Chapter 6).
The same situation applies to the present case of 3D unit cell where the imperfection is
located at the geometric center of the interface. Symmetry of the numerical results can also
be preserved.
Attention is now turned to the imperfection size effects. As described above, the
imperfection itself is a regular finite element. Since the size of the imperfection will change
as the mesh is refined, the converged solutions presented in Fig. 7.2 basically demonstrated
the imperfection size insensitivity along the x and z directions. Below we report a
systematic analysis devoted to the effects of out-of-plane (y) dimension of the imperfection.
Various imperfection thicknesses are considered under both the uniaxial and equi-biaxial

Fig. 7.18. Variation of the simulated amplitudes (normalized by film thickness) with the applied
compressive strain (𝑒𝑥𝑥 ) under equi-biaxial loading, resulting in the square-checkerboard instability.
Various imperfection thicknesses are considered.
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compression. The imperfection thickness is scaled by the total thickness of the film and
varied over the range of 0.2 𝑡𝑓 up to 10𝑡𝑓 . Fig. 7.18 shows the simulated amplitude
(normalized by the film thickness) as a function of the applied compressive strain, for the
case of P3HT:PCBM film under equi-biaxial loading, leading to the square-checkerboard
instability. The amplitude was monitored at the corner wave location as in Section 7.8.1.
The theoretical response included in the figure is in accordance with Eq. (15). As can be
seen, except for the cases of very thick (10𝑡𝑓 ) and very thin (0.2𝑡𝑓 ) imperfections, the
simulated amplitude response is generally thickness-insensitive over a wide range of
imperfection thickness. In the two extreme cases, the discrepancy is caused by the slightly
greater critical strain; once the instability commences the amplitude develops in the same
quantitative way as the other cases. Similar outcomes, not shown here, were also obtained
for the uniaxial compression. It is worth mentioning that the simulated wavelengths in all
the cases considered in Fig. 7.18 showed the same converged wavelength value as in Fig.
7.3.

7.9. Concluding Remarks
The embedded imperfection approach is successfully applied to three dimensions, and a
comprehensive study on the surface instability patterns induced by biaxial compression is
presented. The technique is easily implemented for structures consisting of thin films above
a compliant substrate. Instead of treating the surface patterns discretely under specific
assumptions, the generation of wrinkling morphologies and their transformations can be
directly obtained from the simulations. The results provide insight and mechanistic
rationale for uncertainties seen from past theoretical and experimental considerations. The
state of biaxiality is found to influence the surface pattern significantly, and each
bifurcation mode can be traced back to certain abrupt changes in the overall loaddisplacement response. The square-checkerboard pattern has proven to be a dominant
bifurcation mode only under strict equi-biaxial loading within a very narrow range of
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strains; physical experiments would easily miss the condition due to any slight deviation.
A lower biaxiality ratio (closer to uniaxial loading) expands the dominance of the 1D
wrinkles. However, for a biaxiality ratio as high as 0.9, the primary bifurcation mode is
still 1D wrinkles except that it transforms into herringbone and then labyrinth patterns
quickly. The phase diagrams constructed from the simulation results provide an overview
of wrinkling configurations over the entire span of biaxial loading. Moreover, the
embedded imperfection approach was successfully applied for direct three-dimensional
finite element simulations of surface wrinkling, accounting for loading/unloading and the
effect of deformation history. The modelling technique avoids the need of re-defining
imperfections in each loading phase. We illustrate that, within the linear elastic framework
free of material damage, deformation instabilities in the form of surface wrinkles are
recoverable under uniaxial and equi-biaxial loading and unloading. Using different
deformation paths to reach the same equi-biaxial state, however, results in different wrinkle
configurations. This finding raises the possibilities of devising special loading sequences
in actual experiments to achieve specific surface patterns. The current study also paves the
way for future explorations involving complex deformation paths, inelastic deformation
and damage, and cyclic response. It is worth emphasizing that all the results presented in
the current chapter are based on simple isotropic linear elastic material behavior with an
initially perfectly flat film layer.
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CHAPTER 8 THREE-DIMENTIONAL DEFORMATION
INSTABILITIES: DIRECT SIMULATIONS FROM SURFACE
WRINKLING TO GLOBAL BUCKLING
In this chapter, the goal is to propose a general 3D framework for the direct simulation of
deformation instability problems, including the surface wrinkling, the global buckling, and
coexisting wrinkling-buckling deformation instabilities in film-substrate structures. The
finite element models contain an embedded imperfection with perturbed material
properties at the film-substrate interface. The presented simulations are covering a wide
biaxial loading spectrum from pure uniaxial to pure equi-biaxial compression, and from
pre-instability to post-instability. This chapter is, essentially, the extension of Chapter 6
from 2D to full 3D, with the addition of full biaxial loading and post-instability analysis.
The simulations in this chapter are conducted using a much larger models compared with
the model sizes in Chapter 7 (~4 times bigger); therefore, the models were extremely largescale, and simulations required the use of HPC.
It has been demonstrated that the embedded imperfection approach is capable of activating
the first as well as subsequent bifurcation modes continuously and, as a result, the
simulations can be performed in a straightforward manner. We show that, in addition to
the temporal evolution of wrinkle patterns when the substrate is much thicker than the thin
film, surface wrinkling and global buckling can form simultaneously as the substrate
becomes thinner. Wrinkles and buckle can either co-develop, or the buckling-induced
curvature may help facilitate wrinkle formation depending on the specimen thickness and
loading biaxiality. Different wrinkle patterns, such as parallel sinusoidal waveform and
checkerboard, can even coexist on the same buckled structure. The state of biaxiality is
found to influence the deformation instability significantly, and each bifurcation mode can
be traced back to certain abrupt changes in the overall load–displacement response
obtained from the large-scale simulations.
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8.1. Numerical Model Description: General 3D Framework
A series of 3D finite element models with various mesh densities were constructed for a
comprehensive investigation. The models consist of a thin film bonded to a compliant
substrate as schematically shown Fig. 8.1, where the geometric parameters, boundary
conditions, and directions of the applied displacement are also defined. The initial
thickness of the film layer, 𝑡𝑓 , is 0.1 𝜇𝑚. While there is no restriction on the type of
materials used for the simulations, P3HT:PCBM was chosen for the film layer and PDMS
was selected for the substrate. The materials were taken as isotropic linear-elastic, and the
elastic properties are fully defined in Chapter 3.
The structure is an exact square in the xz-plane before deformation. As shown in Fig. 8.1,
there is a single embedded imperfection which is a regular finite element at the exact center
of the top-layer elements in the substrate, immediately below the film-substrate interface.
The embedded imperfection is assigned the material properties of the film layer. The
versatility of this approach in reliably generating deformation instabilities in the filmsubstrate system has been shown in early chapters.
The imposed boundary conditions are shown in Figs. 8.1(b) and 8.1(c). The roller boundary
condition is imposed on the faces z = 0 and x = 0, and a corner point at the bottom of the
substrate is fully fixed as shown in Fig. 8.1(b). The top face of the film and bottom face of
the substrate are traction-free. In addition, the faces 𝑧 = 𝑊𝑧 and 𝑥 = 𝑊𝑥 are constrained to
remain vertical during deformation. As a result, the problem domain, containing one
imperfection, is effectively a representative unit cell of a large periodic structure [120]. The
problem domain size was scaled by the value of theoretical critical wavelength of
sinusoidal wrinkles (𝜆𝑐𝑟 in Eq. (3)). The dimensions in xz-plane were taken to be 𝑊𝑥 =
𝑊𝑧 = 17𝜆𝑐𝑟 , however the depth D in the y-direction, perpendicular to the direction of
applied loading, was systematically varied by adjusting the substrate thickness. Results
presented in this chapter include overall depths of D = 2𝜆𝑐𝑟 , 3.5𝜆𝑐𝑟 , and 10𝜆𝑐𝑟 . Note that
the model with D = 10𝜆𝑐𝑟 corresponds to the case of D = 559.2𝑡𝑓 (as 𝜆𝑐𝑟 = 5.592 𝜇𝑚) and
it represents a sufficiently thick structure such that global buckling is suppressed.
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The dimensions of 𝑊𝑥 = 𝑊𝑧 = 17𝜆𝑐𝑟 were judiciously chosen so that according to Eq.
(13), 17𝜆𝑐𝑟 ≅ 12(𝜆𝑐𝑟 )𝐶𝑏 ; therefore, the model size is able to accommodate both primary
surface wrinkling modes (1D and square-checkerboard) in conformity with available
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Figure 8.1. (a)-(c) Schematics of the problem domain, boundary conditions, and directions of the applied displacement.
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analytical solutions for verification studies. In addition, the model size is presumably wellsuited for post-instability simulations of herringbone and labyrinth patterns, following the
logic that the short wavelength of the post-instability wrinkling patterns remains invariant
and identical to the wavelength of sinusoidal mode as discussed in Chapter 2. The model
size is therefore sufficiently large to potentially capture a variety of wrinkling features as
well as the global buckling deformation, while avoiding the excessive computational
burdens associated with large-scale 3D simulations.
The simulations were performed under displacement control. The setup is similar to
Chapter 7, but now applied to models with wider spans and various depths. The directions
of the applied displacement are schematically shown in Figs. 8.1(b) and 8.1(c). A wide
range of biaxial compression was considered. The compressive displacement ux (and
possibly uz) was applied quasi-statically and incrementally, with its magnitude changing as
0 ≤ 𝑢𝑥 ≤ 𝑢̅𝑥 (and similarly 0 ≤ 𝑢𝑧 ≤ 𝑢̅𝑧 ), where 𝑢̅𝑥 and 𝑢̅𝑧 are the specified maximum
applied displacements in x and z directions, respectively. The applied nominal strain thus
varies as 0 ≤ 𝑒𝑥𝑥 ≤ 𝑒̅𝑥𝑥 (and 0 ≤ 𝑒𝑧𝑧 ≤ 𝑒̅𝑧𝑧 ) where 𝑒̅𝑥𝑥 and 𝑒̅𝑧𝑧 are the maximum applied
compressive strains in x and z, respectively. The same definition for the biaxiality ratio
(BR) as of what is defined in Eq. (20) (as expressed in Chapter 7) is considered here.
To simulate different biaxiality ratios in this study, 𝑢̅𝑥 was fixed and 𝑢̅𝑧 was altered within
the range of 0 ≤ 𝑢̅𝑧 ≤ 𝑢̅𝑥 . As a consequence, the entire spectrum of BR is 0 ≤ BR ≤1,
where BR = 1 pertains to the perfectly equi-biaxial compression and BR = 0 corresponds
to uniaxial compression (applied in the x-direction). Any other BR values represent nonequi-biaxial loading conditions.
In this study, 20-noded second-order continuum brick elements were employed, with a
uniform element distribution for the film layer (four layers of elements along the film
thickness). An adapted element distribution was applied in the substrate, with the element
size increasing gradually from interface to bottom. In addition to mesh considerations, the
displacement increment in the loading step was kept sufficiently small to avoid the
potential increment dependency of the solutions [113]. Viscous damping was incorporated
and the corresponding damping factor was calculated via the adaptive automatic
stabilization approach [90] with the accuracy tolerance specified to be the software’s
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default value (5%). Although it is not necessary, the purpose of applying viscous damping
was to stabilize the numerical solution in the post-buckling state and decrease the
computation cost. More details regarding the model definitions are presented in Chapter 3.

8.2. Model Verification
For model verification, a domain size of 𝑊𝑥 = 𝑊𝑧 = 17𝜆𝑐𝑟 and D =10𝜆𝑐𝑟 (thick substrate)
is considered in this section. From our preliminary analyses, converged solutions were
found with the in-plane mesh density of 8 elements per wavelength (sinusoidal mode)
which is consistent with our earlier study on smaller models in Chapter 7. However, a finer
mesh of 10 elements per unit wave was conservatively chosen for all the simulations
presented in this chapter. Figure 8.2 shows representative numerical solutions. The
progressions of surface wrinkles starting from the flat surface are shown in Figs. 8.2(a) and
8.2(b), respectively, for the cases of sinusoidal (BR = 0) and square-checkerboard (BR =
1) modes. Surface contours in these images are enhanced by colors, with red and blue
representing higher (peak) and lower (valley) vertical positions, respectively. As can be
seen, under uniaxial compression a total of 17 sinusoidal waves, and for the same model
subjected to equi-biaxial compression a total of 12 square-checkerboard dimples in each
in-plane direction, are successfully obtained.
Figure 8.2(c) shows the variation of amplitude of the sinusoidal wrinkles with the applied
compressive strain (normalized by the critical value at the onset of wrinkling); a similar
presentation for the square-checkerboard mode is shown in Fig. 8.2(d). The theoretical
amplitude expression given by Eq. (15) is included in both figures for comparison. It is
evident that the wave’s amplitudes are consistent with the theories at the onset of primary
instability in both cases. At larger strains the numerical results start to deviate from the
simplified theoretical response. This is especially true in Fig. 8.2(d) where the breakdown
of square-checkerboard soon occurs as predicted by the simulation (see numerical results
in the following sections). No analytical solution is available for such transition of
instability modes. It is also worth mentioning that, in the case of uniaxial compression (BR
= 0), the present 3D simulations yield consistent results with our earlier 2D studies as
expressed in prior chapters.
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Figure 8.2. (a)-(b) Typical forms of simulated wrinkles for (a) 1D and (b) square-checkerboard modes. (c)-(d) Amplitudes of
the surface wrinkles (normalized by film thickness) as a function of the applied compressive strain (normalized by the critical
strain) plotted for (c) 1D and (d) square-checkerboard modes, along with theoretical response based on Eq. (6).
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8.3. Effects of Substrate Thickness
As mentioned in Section 8.2, the domain size in the xz-plane is 𝑊𝑥 = 𝑊𝑧 = 17𝜆𝑐𝑟 , and
three different overall depths (thicknesses) of D = 2𝜆𝑐𝑟 , 3.5𝜆𝑐𝑟 , and 10𝜆𝑐𝑟 are considered.
Figs. 8.3 and 8.4 show the top views of the evolution of surface wrinkles with the
progression of applied compressive strain, for the cases of BR = 0 and BR = 1, respectively,
with all three depths included. Grayscale contours are utilized, with the darker and brighter
regions representing the lower and higher vertical positions, respectively. In Fig. 8.3, under
uniaxial loading, the reduction in model thickness from 10𝜆𝑐𝑟 to 2𝜆𝑐𝑟 results in a gradual
transition from pure wrinkling on the surface to pure global buckling of the entire structure.
In the case of intermediate depth of 3.5𝜆𝑐𝑟 , concurrent development of surface wrinkles
and global buckle can be seen. A similar tendency is observed for the instability patterns
under equi-biaxial compression, as shown in Fig. 8.4. Here the transition from surface
wrinkles only to a buckled structure is also evident as the substrate thickness is reduced.
Coexistence of surface wrinkling and structural buckling also occurs in the case of D =
3.5𝜆𝑐𝑟 . Buckling of the plate is biaxial in nature, with more details to be presented in the
following sections.
Under uniaxial compression (Fig. 8.3), the post-instability wrinkle patterns remain
sinusoidal when D = 10𝜆𝑐𝑟 , but for D = 3.5𝜆𝑐𝑟 the wrinkles in the left region become
flattened as the global buckle develops since this region is on the relative tension side of
the bent structure. Under equi-biaxial loading (Fig. 8.4), the case of D = 10𝜆𝑐𝑟 displays an
instability mode transition soon after checkerboard, turning into a labyrinth form at a later
stage. A similar trend is seen for D = 3.5𝜆𝑐𝑟 , but the detailed labyrinth pattern is apparently
affected by the simultaneous plate buckling.
When the substrate is very thin (𝐷 = 2𝜆𝑐𝑟 ), simple buckling is the only instability mode
observed under uniaxial loading as revealed in Fig. 8.3. Equi-biaxial loading on the thin
structure of 𝐷 = 2𝜆𝑐𝑟 , however, causes biaxial plate buckling with considerable curvature,
which renders the part of the thin film under large compression to form surface wrinkles
(Fig. 8.4). It should be noted that the bending induced curvature in this work is inherently
different from the pre-existing curvature considered in some studies [44, 55, 60, 98, 122].
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In our models the beginning geometry is perfectly flat, and any curvature developed results
directly from the simulations in a straightforward manner.
An assessment of Eq. (19), a proposed threshold specimen width separating surface
wrinkling and global buckling under uniaxial compression, can be made using the current
modeling configuration. Taking the case of 𝐷 = 3.5𝜆𝑐𝑟 where coexisting wrinkling and
buckling was observed, the critical width is calculated to be 𝑤𝑐𝑟 = 321.8 𝜇𝑚. Our model
geometry of 𝑤𝑥 = 17𝜆𝑐𝑟 corresponds to 95.1 𝜇𝑚 which is smaller than wcr and is thus
within the surface wrinkling regime according to the theory. The simulation result shown
in Fig. 8.3 (and subsequently Fig. 8.6) shows that sinusoidal surface wrinkles and overall
buckle can co-develop, which is missed by the theoretical consideration.
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Figure 8.3. Evolution of wrinkling patterns as the applied uniaxial compressive strain (normalized by the critical value) increases, for the three different depths within the range
of 2 ≤ 𝐷 ⁄𝜆𝑐𝑟 ≤ 10.
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Figure 8.4. Evolution of wrinkling patterns as the applied equi-biaxial compressive strain (normalized by the critical value) increases, for the three different depths within the
range of 2 ≤ 𝐷 ⁄𝜆𝑐𝑟 ≤ 10.

8.4. Effects of Loading Biaxiality
Attention is now directed to the effects of loading biaxiality on the instability patterns.
When the substrate is sufficiently thick, i.e., 𝐷 = 10𝜆𝑐𝑟 , pure surface wrinkles occur and
the simulation results are identical to those thoroughly reported in Chapter 7, so only a few
representative images were shown in the previous section (Section 8.3). In this section, we
focus only on the relatively thin models of 𝐷 = 2𝜆𝑐𝑟 and 3.5𝜆𝑐𝑟 . Various biaxiality ratios
within the range of 0 ≤ 𝐵𝑅 ≤ 1.0 were considered.
Figure 8.5 shows the 3D view of some snapshots as the applied compression progresses,
for the model of 𝐷 = 2𝜆𝑐𝑟 subjected to loadings with BR values of 0, 0.5, 0.7 and 1. Their
counterparts for the case of 𝐷 = 3.5𝜆𝑐𝑟 are shown in Fig. 8.6. For easy visualization of the
shape change, an out-of-plane scaling factors of 5 and 25 are applied to the images in Figs.
8.5 and 8.6, respectively. In Fig. 8.5, the dominating instability mode is global buckling.
The case of uniaxial compression along the x-direction (BR = 0) displays an evolving
simple buckle throughout the deformation range (this is the same result observed in Fig.
8.3). With an increasing biaxiality, Fig. 8.5, the z-compression plays an increasing role in
the buckling deformation. At BR = 1 a perfectly symmetric biaxial buckle appears. When
there is a significant z-compression, local surface wrinkles start to emerge on the welldeveloped buckle at large strains. For BR = 0.5 and 0.7, the wrinkling orientation is
apparently influenced more by the z-compression while the primary x-compression is
responsible for the buckle. At BR = 1, the wrinkle pattern is also symmetric with some
parallel to the x- and z-directions and others in the 45° orientation.
For the case of thicker substrate at 𝐷 = 3.5𝜆𝑐𝑟 (Fig. 8.6), global buckling, although still
taking place, is much reduced compared to Fig. 8.5. The extent of buckling decreases as
BR increases in Fig. 8.6. The buckling action also affects the evolution of wrinkle
configurations. As observed earlier in Fig. 8.3 for uniaxial x-compression with BR = 0,
flattening of wrinkles occurs in the region with the thin film on the relative tension side of
the buckling curvature, which is more clearly revealed in Fig. 8.6. Under perfect equibiaxial loading at BR = 1, the sequence of wrinkling evolution is qualitatively similar to
that of the thick substrate (Chapter 7). Figure 8.6 also shows that intermediate biaxiality
ratios result in very interesting instability morphologies. Not only do the wrinkles and
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buckle coexist, but two fundamentally different wrinkle patterns also develop
simultaneously. When the applied strain reaches about 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 = 1.5, the case of BR = 0.5
displays flattened wrinkles on one side due to the bending curvature while the 1D
sinusoidal wrinkles on the other side remain largely intact. Further straining leads to the
formation of new 1D wrinkles in the perpendicular direction on the flattened side (due to
the z-compressive action), and a herringbone pattern arises on the other side (also due to
the superimposed z-compression). For the case of BR = 0.7 at around 𝑒𝑥𝑥 ⁄𝑒𝑐𝑟 = 1.5, there
is even a checkboard pattern on one side. It is due to the locally diminishing x-compression
caused by the buckling curvature, which helps create a temporary near-equi-biaxial loading
state. At a later stage the near 1D wrinkles start to take over in this domain.
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Figure 8.5. Evolution of deformation instability patterns as the applied compressive strain increases, for models with an overall depth of 𝐷 = 2𝜆𝑐𝑟 . Four biaxiality ratios within the range of
0 ≤ 𝐵𝑅 ≤ 1 are included.
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Figure 8.6. Evolution of deformation instability patterns as the applied compressive strain increases, for models with an overall depth of 𝐷 = 3.5𝜆𝑐𝑟 . Four biaxiality ratios within the range of
0 ≤ 𝐵𝑅 ≤ 1 are included.

To better visualize the evolution of overall shape, we show in Figs. 8.7-8.10 some images
with perspectives along the x, y and z axes at various loading stages. The selected cases
are: 𝐷 = 2𝜆𝑐𝑟 at BR = 1 (Fig. 7), 𝐷 = 2𝜆𝑐𝑟 at BR = 0.7 (Fig. 8), 𝐷 = 3.5𝜆𝑐𝑟 at BR = 1
(Fig. 9), and 𝐷 = 3.5𝜆𝑐𝑟 at BR = 0.7 (Fig. 10). It is clear that global buckling starts first in
the thinner models (Figs. 8.7 and 8.8). Under equi-biaxial compression (Figs. 8.7 and 8.9),
symmetry in the x- and z-directions are evident for both the wrinkle pattern and the buckled
shape. For non-equi-biaxial loading (Figs. 8.8 and 8.10), the greater x-compression induces
more severe buckling curvature than in the z-direction. As mentioned above when
discussing Fig. 8.6, in Fig. 8.10(d) a checkerboard pattern starts to form on one side. It is
worth noting that this checkerboard is of non-square type. It has been reported that a curved
surface can facilitate the formation of non-square checkerboard wrinkles under equi-biaxial
compression [55, 60]. In our simulations, the surface has also become curved at this stage
due to the buckling instability. Another possible contributing factor is the near equi-biaxial
loading state caused by the reduced x-compression due to buckling. Our previous study
(Chapter 7) found that a slight deviation from perfect equi-biaxiality serves to trigger the
non-square checkerboard mode even with a flat film surface [115].
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Figure 8.7. Evolution of deformation instability patterns for the case of 𝐵𝑅 = 1 and 𝐷 = 2𝜆𝑐𝑟 .

a

𝒆𝒙𝒙
= 𝟏. 𝟒𝟔
𝒆𝒄𝒓

b

𝒆𝒙𝒙
= 𝟐. 𝟐𝟎
𝒆𝒄𝒓

c

d
𝒆𝒙𝒙
= 𝟐. 𝟑𝟑
𝒆𝒄𝒓

e
𝒆𝒙𝒙
= 𝟐. 𝟔𝟎
𝒆𝒄𝒓

166

Figure 8.8. Evolution of deformation instability patterns for the case of 𝐵𝑅 = 0.7 and 𝐷 = 2𝜆𝑐𝑟 .
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Figure 8.9. Evolution of deformation instability patterns for the case of 𝐵𝑅 = 1 and 𝐷 = 3.5𝜆𝑐𝑟 .
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Figure 8.10. Evolution of deformation instability patterns for the case of 𝐵𝑅 = 0.7 and 𝐷 = 3.5𝜆𝑐𝑟 .

8.5. Overall Mechanical Response
The numerical results may be used to identify the onset of instability and subsequent
bifurcation points. One way is to pinpoint the abrupt changes in the simulated overall

a

b

c

d

Figure 8.11. (a-c) Variation of the reaction force (Fx) with the applied compressive strain (exx), at (a) BR=1.0, (b) BR=0.7, and (c) BR=0. (d)
Variation of the reaction force (Fz) with the applied compressive strain (exx) at BR=0.7. The results from all model depth (D) values are
included for comparison.
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mechanical response. Fig. 8.11 shows the reaction force in the x-direction (Fx) as a function
of the applied compressive strain (exx), obtained from the simulations for all the model
depths considered at the biaxiality ratios of (a) 1, (b) 0.7 and (c) 0. In addition, the variation
of reaction force in the z-direction (Fz) with exx at BR = 0.7 is shown in Fig. 8.11(d). For
all the plotted curves the magnitude of reaction force increases linearly with the applied
strain at the beginning, which is a result of the simple linear-elastic behavior. The onset of
instability (the first/primary bifurcation point) can be easily recognized from the apparent
initial deviation from the original linearity. In the case of the thinnest substrate (𝐷 = 2𝜆𝑐𝑟 ),
the deviation is the most severe such that a quick load drop soon follows. Further abrupt
changes in slope can also be identified in most curves. These are manifestations of
subsequent bifurcation points associated with the transformations of instability mode.
Comparing Figs. 8.11(b) and 8.11(d) where two different load components are shown
under the same BR = 0.7, one also finds that, whenever transformations of instability
pattern take place, both Fx and Fz tend to be disturbed simultaneously. It is also worthy of
note that the case of BR = 0 and 𝐷 = 2𝜆𝑐𝑟 in Fig. 8.11(c) gives rise to a relatively “clean”
response, staying horizonal after the load reduction. This is due to the fact that the simple
buckling shape, once formed, remains the sole form of instability throughout the
deformation history as was observed in Fig. 8.5.
Figure 8.12 shows zoomed-in views of portions of the curves in Fig. 8.11(d), for the models
of 𝐷 = 2𝜆𝑐𝑟 and 𝐷 = 3.5𝜆𝑐𝑟 in Figs. 8.12(a) and 8.12(b), respectively. Select points along
the curves are highlighted, with the corresponding deformation configurations shown in
Fig. 8.8 for the curve in Fig. 8.12(a), and those shown in Fig. 8.10 along the curve in Fig.
8.12(b). The early load drop in Fig. 8.12(a) is due to the onset of global buckling which
causes a severe reaction in this thinnest case. A point in the “smooth” part of the curve was
chosen (Fig. 8.8(b)) where the same buckled shape continues to develop. The snapshots in
Figs. 8.8(c), (d) and (e), however, represent abrupt transitions, namely the formations of
new wrinkle patterns on top of the buckle, and they can all be traced back to the overall
mechanical response in Fig. 8.12(a). The points highlighted in Fig. 8.12(b) all correspond
to changes in the instability pattern, as evidenced in Figs. 8.10(b) to (f) by their different
wrinkle morphologies.
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Figure 8.12. Zoomed-in views of Fig. 11(d) showing variations of reaction force (Fz) with the applied strain (exx) for BR = 0.7 with the model
thickness of (a) 𝐷 = 2𝜆𝑐𝑟 and (b) 𝐷 = 3.5𝜆𝑐𝑟 .
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8.6. Concluding Remarks
In this chapter the embedded imperfection technique was successfully applied to
numerically simulate deformation instabilities of structures consisting of a thin film
material bonded to a compliant substrate. The development of surface wrinkles and overall
buckle, as well as hierarchical wrinkle/buckle formations, under in-plane biaxial
compressive loading ranging from uniaxial to perfectly equi-biaxial, can all be predicted
from the 3D models. In any given material, geometric, and loading configuration, it takes
only one simulation run to generate the deformation patterns from pre-instability to postinstability in a seamless manner. We demonstrated that, in addition to the temporal
evolution of various wrinkle patterns when the substrate is much thicker than the thin film,
surface wrinkling and global buckling are not mutually exclusive as the substrate becomes
thinner. Depending on the thickness and loading biaxiality, wrinkles and buckle can codevelop, or the buckling-induced curvature may create a favorable local condition to form
wrinkles. Interesting combinations of wrinkling domains were also observed in certain
cases where buckling has taken place. As illustrated in the presentation, the onset of
primary instability and subsequent bifurcation modes can be captured from the overall
load-displacement response obtained from the large-scale simulations. The current
computational approach may be extended in future studies involving more complex
geometries and material behaviors such as inelastic deformation, damage and interfacial
delamination.
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CHAPTER 9 GENERAL CONCLUSIONS AND SUGGESTED
FUTURE WORK
In this dissertation, a novel finite element modeling methodology called “embedded
imperfection approach” is proposed and employed for numerically solving linear-elastic
isotropic deformation instability problems in film-substrate systems. In the embedded
imperfections approach, one or more regular elements at the interface of the film-substrate
structure are endowed with a perturbed elastic property to help activate deformation
instabilities without the need of any multi-step procedure. The numerical technique is
“direct” in that the entire history will be obtained in a single simulation analysis. The
proposed technique is robust, relatively easy to implement, and essentially overcomes the
difficulties associated with solving complex three-dimensional deformation instability
problems. Furthermore, the approach opens new doors to obtaining a numerical solution
for many other complex problems that had been yet unsolved; and paves the way for future
explorations.
The presented large-scale simulations in this work are performed quasi-statically in both
2D and fully 3D, encompassing a wide range of loading biaxiality and specimen geometry
considerations, and covering numerical solutions from pre-instability to post-instability
regime. The presented approach has led to directly simulating the emergence and temporal
evolution of a variety of surface instability patterns (including sinusoidal, checkerboard,
herringbone, labyrinth, etc.), as well as the global buckling of the entire structure, and also
helped recognizing many new features such as transitional deformation instability states,
coexisting wrinkle-buckle, pre-instability surface patterns, etc.
In the following, general conclusions related to the current work along with directions for
future research are summarized.
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9.1. Conclusions
1. The embedded imperfection approach is capable of activating the first as well as
subsequent bifurcation modes continuously during the course of simulations (including and
loading/unloading scenarios). Therefore, it eases the numerical implementation procedure
by eliminating the need for performing multi-step analyses; and also avoids the need of redefining imperfections in each loading phase or for capturing subsequent bifurcation modes
(as was a common impediment while using other approaches). As a result, this approach
remarkably reduces the computational costs of large-scale deformation instability
problems and results in a thoroughly seamless and continuous simulation. This point is of
tremendous significance and makes this approach stands out compared with other
numerical methods in the literature.
2. Verification of the numerical models in conjunction with mesh convergence study is
thoroughly performed. For the benchmark deformation instability problems (i.e. linearelastic isotropic 1D wrinkles), the obtained wrinkling/buckling parameters (i.e. wavelength,
amplitude, etc.) simulated by embedded imperfection approach are generally in conformity
with the available theoretical solutions. The numerical results converge to analytical
solutions provided that the mesh is sufficiently fine. The in-plane mesh density of 10
elements per unit wavelength can fulfill the convergence in both 2D and 3D problems. It
should be noted that the use of higher order elements is quite necessary to achieve
converged numerical solutions. Therefore, the approach can be readily and reliably applied
to problems that theoretical solutions do not exist.
3. Employing only one embedded imperfection is sufficient to trigger the instability modes.
Using more than one imperfection may result in deviations from the analytical solutions,
which depends on the distribution features of the imperfections. Imperfection-independent
solutions (which are converging to classical solutions) can be achieved either by satisfying
the imperfection distribution criteria proposed in Chapter 5, or by using the proposed
“periodic unit cell” approach; in that a single embedded imperfection is placed in the
middle of the film-substrate interface in a model with assigned periodic-symmetric
boundary conditions. The periodic unit cell approach is successfully implemented and
exploited in both 2D and 3D models.
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4. It has been illustrated that the proposed approach is capable of simulating the onset and
temporal evolution of various sorts of deformation instabilities observed in film-substrate
systems. From pure surface wrinkles (while the substrate is thick) to pure global buckling
and hierarchical deformation patterns (when the substrate’s thickness is reduced) were all
directly simulated using the presented technique. The simulations were conducted
considering a wide range of applied strain (displacement) and encompassing results from
pre-instability to post-instability. The presented studies are not limited to single-layer film
systems, and any multi-layer film scenario can also be successfully simulated.
5. The simulations are expanded into biaxial loading and the effects of deformation history
involving loading and unloading. It is demonstrated that the deformation instability
patterns are sensitive to loading biaxiality and also to the sequence of the applied biaxial
load, and various wrinkling/buckling patterns may be obtained under different loading
conditions. In addition, under any biaxial loading scenario, the primary and subsequent
bifurcation modes can be all captured seamlessly. Furthermore, each bifurcation mode can
be traced back to certain abrupt changes in the overall load-displacement response
generated from the simulation outputs.
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9.2. Future Works
As mentioned, the embedded imperfection approach has shed light on solving many
problems that are yet unsolved. Moreover, many deformation instability problems that had
been solved using complex multi-step analysis techniques, can now be solved in a more
robust, efficient, and simplistic way with only one analysis step, while using the embedded
imperfections. In the following, some hints/suggestions for further developments of the
approach and future studies are presented.
1. In the current work, linear-elastic isotropic material models, for both film and substrate,
were exploited. The proposed approach can be readily applied for solving deformation
instability problems in film-substrate structures considering more complex material models;
some of the possible scenarios are, for instance, having viscoelastic film/substrate, hyperelastic film/substrate, bimodular substrate (different elastic response under tension and
compression), and etc. In addition, the assumption of film/substrate isotropy can also be
revised, in particular for the film layer when more than one material layer is considered
(composite film); the proper case for future study can be orthotropic film on top of elastic
substrate. A fully anisotropic film may yet be another possibility.
2. In addition to the material models mentioned above, performing studies on deformation
instabilities in film-substrate structures including an elasto-plastic film on top of an elastic
substrate is of more interest in the literature, as it can lead to formation of surface
folding/crease/ridge patterns. The proposed imbedded imperfection approach can be
expanded to the case of elasto-plastic film and can be applied for obtaining a direct
numerical simulation of surface folding problems.
3. The embedded imperfection approach is not limited to solving deformation instabilities
in film-substrate systems. The proposed approach is quite general and can be applied for
solving deformation instability problems associated with essentially “any” engineering
structure. Examples of possible future study options are listed but not limited to:
▪

Solving deformation instabilities in single-layer structures; for instance,
wrinkling/buckling of pure plates/shells under biaxial compression.

▪

Solving deformation instability problems in hollow structures such as hollow
cylinders (i.e. tubes and pipes) and also spherical objects.
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▪

Solving the deformation instabilities in engineering problems with larger scales.
For instance, buckling of common civil engineering structures (beams, columns,
slabs, plies, sandwich panels, girders, etc.), buckling of wind turbine blades,
buckling of airplane wings or buckling/wrinkling of surfaces in aerospace
structures, and etc.

▪

Solving deformation instabilities in composite structures in general; for instance,
buckling of a group of thin fibers embedded in a compliant matrix, or
buckling/wrinkling of a three-layer composite structure consisting of a compliant
matrix covered by two film layers on top and bottom, etc.

4. In this work, deformation instabilities under mechanical loading (biaxial compression)
were studied. The embedded imperfection approach can also be easily applied for solving
deformation instability problems under thermal, electrical, and magnetic loading.
Simulating deformation instabilities under impact loading (impulse) is yet another
possibility. Any combination of the mentioned loading cases is also another feasible case
for future studies. Moreover, it should be noted that deformation instabilities in filmsubstrate systems is not the only sort of problems that can be simulated under the other
loading cases as mentioned, and technically all the problems suggested in the previous
bullet points may be solved subjecting to various types of applied loading.
5. The embedded imperfection can be possibly combined with many available
damage/delamination models, therefore implementation of a concurrent instability-damage
(instability-delamination) model for film-substrate structures is recommended. As
demonstrated in Section 7.7, the proposed technique may be applied for solving
deformation instabilities under cyclic loading, therefore a fatigue damage/delamination
model is yet another suggestion for future studies.
6. Although the imperfection dependency of the surface wrinkles with respect to
imperfection distribution was discussed in early chapters, in this study we mainly focused
on the numerical simulations that are imperfection-independent, by proposing and using
the periodic cell approach. In fact, sensitivity of the deformation instability patterns to the
material defects is a known phenomenon in the literature (observed in experimental data
related to surface wrinkles). Therefore, in contrary to what has been done in this work,
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performing numerical studies on “imperfection-dependent” solutions with the goal of
manipulating the deformation instabilities to obtain “controlled deformation patterns” is of
great interest for future studies. It may ultimately lead to development of designing
techniques to generate particular instability patters for specific engineering applications.
7. The embedded imperfection approach is proposed within the finite-element framework.
In fact, this practice can possibly be implemented with other numerical methods (i.e., finite
difference, finite volume, meshfree/particle methods, etc.). In addition, the approach has
been implemented for solving problems within the boundaries of continuum mechanics
theory (which is so called “local” theory). Assessment of this approach for solving
problems following non-local theories such as Peridynamics is thus of interest.
8. The embedded imperfection approach can be possibly applied for solving many
instability problems in fluid mechanics. There are analogies between the instability concept
in fluids and deformation instabilities in solids. The current technique presumably triggers
the instabilities in fluids, such as surface flow instabilities (waves), or may even lead to
development of turbulence. As for more exploratory future directions, the embedded
imperfections may be defined either as a (fixed or moving) particle (contamination) within
the fluid flow or as a defect in fluid-structure interface (in particular when the fluid-solid
structure interactions are of interest).
9. So far, all the bullet points mentioned above were ideas for future numerical studies. In
fact, analytical studies regarding the embedded imperfections may be also plausible. As a
crude example, finding analytical closed-form solutions for the wrinkling parameters (i.e.
the amplitude) in the vicinity of a single embedded imperfection is recommended
(considering the non-uniformity in wave’s amplitude near the imperfection as discussed in
Section 7.8.1). In addition, revising the assumption of infinitely thick substrate and
performing analytical studies with the goal of developing closed-form solutions for
concurrent wrinkling-buckling (local/global wavelength, amplitude, etc.) in 2D and 3D
(under biaxial loading) may be another suggestion for future research.
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